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A square character table is shown to exist for all finite magnetic groups. The table possesses row
and column orthogonality properties similar to the character table for linear groups.

PACS numbers: 02.20. + b, 11.30. —j

1. INTRODUCTION

In dealing with the problem of time reversal symmetry
in a group theoretic way, Wigner' introduced the concept of
a corepresentation of a group G of linear/antilinear opera-
tors analogous to a representation of a group of linear opera-
tors only. It was soon realized that this theory had a ready
physical application in dealing with magnetic crystals,
where both linear and antilinear operators commute with
the Hamiltonian.? It is also likely that this theory can be
applied to the study of elementary particles due to T'or CPT
invariance.’

Despite its usefulness though, the theory of corepresen-
tations has unpleasant features as many results from the re-
presentation theory of groups over the complex numbers do
not appear to hold. Let G be a group of linear/antilinear
operators, and H the subgroup of linear operators. A core-
presentation D of G is a set of matrices over the complex
numbers

D= {Du),D(a):ucH,acG — H }

satisfying the following rules

D(uw,) = D{u)Du,))

D(ua) = D(u)Da), (1)
D (au) = D(a)D (u)*,

Diaa) = Dia)Dla)*

where the asterisk denotes complex conjunction. Then
(a) if M is a matrix commuting with D in the sense

MD (u) = D (u)M and MD (a) = D (@M *.

Then M is a scalar matrix if and only if it has a real
eigenvalue.*
(b) if D is irreducible,

S0 (), D (ulf, + $D (@)D (a)f = %66

where |G | is the order of G and fthe dimension of D.> Note
how j and k are interchanged in the two sums.

(c) the character of the matrix of an antilinear operator
is not invariant under a change of basis. This follows from
the transformation rule®

D'(@g=P 'D(a)P*. 2)

(d) the number of classes need not equal the number of
irreducible corepresentations (ICR’s). This and the next re-
sult can be verified from Cracknell’ or Newmarch and
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Golding.?

{e) the sum of the squares of the dimensions of the ICR’s
need not equal the order of G.

After deriving (a) and (b) Dimmock’® commented “....
further development of the representation theory of nonuni-
tary groups (without using the representation theory of the
linear subgroup) has so far proven untenable.” He, and oth-
ers following him, have then relied heavily on the representa-
tion theory of linear groups to obtain results about corepre-
sentations (we are not excepted from this!). In particular, the
reduction of direct products is usually performed through
the intermediary of the irreducible representations of the lin-
ear subgroup.®

This inevitably gives the impression that corepresenta-
tion theory is a poor ‘second cousin’ to representation the-
ory. In arecent book Cracknell® is forced to defend the use of
corepresentation theory for magnetic materials against those
who feel that ordinary representation theory is quite suffi-
cient, and moreover, has better properties. The best theoreti-
cal argument against this view is a demonstration that all
fundamental results in representation theory are mirrored
by similar fundamental results in corepresentation theory,
proved without using any theorems on representations. In this
paper it is demonstrated that, with certain generalizations
and additional concepts, a square character table exists for a
finite magnetic group and that this table posseses row and
column orthogonality.

All of the results contained here can in fact be derived in
a simpler manner by use of representation theory (cf. the
character test for the types of ICR). We do not adopt that
course as we wish to show that corepresentation can stand
independently of representation theory.

First, some preliminary results. From Eq. (1)

Dwy'=Du 'Yand D(a)"'=D(a ")~

Definition: Two corepresentations D, and D, are equiv-
alent if there exists a matrix M such that

MD (u) = D,(u)M and MD (a) = D,(a)M *
for all u, acG. The matrix M is said to intertwine D, and D,. If
D, equals D,, M commutes with D,.

Theorem 1: Every corepresentation is equivalent to a
corepresentation by unitary matrices. This has been shown
by Dimmock.’

Definition: A corepresentation is reducible if it is equiv-
alent to a corepresentation of the form
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;2
0 Dy
Otherwise it is irreducible an (ICR).

Theorem 2 (Mashke): Every corepresentation is equiv-

alent to a direct sum of irreducible corepresentations. This
has been given before.’

2. SCHUR’S LEMMAS

An algebraist once remarked to us “but nothing inter-
esting happens in ordinary representation theory!” To some
extent we can now sympathize with this view, as what is lost
in simplicity is here compensated for by variety, with four
useful forms of Schur’s lemmas.

Theorem 3 (Schur Ij: A matrix M intertwining two
ICR’s D, and D, is either nonsingular or is zero.

Theorem 4 (Schur II): If M is Hermitian and commutes
with a unitary ICR D then M is a real constant matrix. Both
of these have been shown by Dimmock.’

Theorem 5 {Schur IXI): If D is a unitary ICR, and M a
matrix satisfying MD (u) = D (u)Mand M *D(a) =D (a)M *
for all u, aeG then M is a constant matrix.

Proof: From
D (a,a ;M = MD (a,a,),

D(a\)D(a,)*M = MD(a,)D(a,)*,
orDia )M **Da,)* = MD{a,)D(a.)*.
Hence

Dig)M " *=MD(a,).
Similarly, from

DwaM* = M™*Dua),

D(uM™ M *Du).

Together with the assumptions
DiuyM+M )= M+ M™*\D(u)
and
Dig)(M+M")*=(M+M")Da)
for all u, aeG. By Schur 11,

Mi+M*=Al
Next, from the linearity of # and antilinearity of a,
Du)iM) = iMD (u),
D@ (iM}* = —iM*Da)
Dw)iM*)* = iM*D(u),
D@gyiM*)* = —iMD(a)

SoiM — iM ™ alsosatisfies Schur IT and is a constant matrix.
Hence M is constant as required.

The restriction imposed on M in Schur II that it be
Hermitian is a very real one. If it is not, we have already
shown® that M is nonconstant. It is not possible to say much
about any single such matrix, but we can derive results about
the set of commuting matrices:

m = {M:M commutes with D },

m is closed under matrix multiplication and addition; if
Memthensois M ~;itis also closed under scalar multiplica-
tion by R, and finally if M 50, kM #0 for any integer k.
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Hence m is a (skew} field of characteristic zero over R. We
can say more about m. Any Mem can be written as the sum of
a Hermitian and a skew-Hermitian matrix, and it is simple to
show that both these belong to m. By Schur II, m can thus be
written as a direct sum

m= {Al'AcR} e m’, (3)
where m’ contains only skew-Hermitian matrices. For any

Mem’, M ? is Hermitian, and since its eigenvalues are
negative,

M?= —yu*I, withpy real. 4)

Asm’is closed under multiplication by R, it follows that for
m’ nonempty we can find elements M,, M,, M,, .-- such that

MA.VJZMI"* = —-M,. (5)
With these preliminaries out of the way, we now show

Theorem 6 (Schur IV): m is isomorphic to R, C, or .

Proof: If m’ is empty, then by Schur II m is isomorphic
to R. Assume, then, that m’ is nonempty. The proofis in two
parts: First it is shown that m contains a multiplicative sub-
group isomorphic to the group of C or the group of Q. Then,
it is shown that the algebra of this group over R equals m.

Let G be a multiplicative subgroup of m consisting of
elements

G={+1L+M, +M,-Mem',

M?= —ILMM, = — M;M, for all i,j#i].
AsMM, = — MM, M;#M, for i#j. If such a subgroup
only contains the four elements

I+ M,

then it is isomorphic to the group of C.

Suppose then it contains more. It cannot contain only
six elements for this would mean that M, M, is a multiple of
I, M,, or M,, which gives a contradiction. Thus it will con-
tain at least eight, and we show that this is the maximum.
For consider any MeG which is not a multiple of I, M, or M,.
Then

MMM
is Hermitian as M ;¥ = — M, and all M, anticommute.
Hence by Schur II

MMM =AI withA real.
AsM?= —L,A= +1,s0

M=+ MM,
Therefore

G= l iI! iMly i-MZ’ iM]M2}1
which is easily seen to be the quaternion group. Thus G is
either the group of R, C, or Q. It is not hard to check that this
is a property of m rather than the particular group, i.e., if one
group is isomorphic to Q, then all are etc. and we can refer to
the group of m.

For the second part of the proof, we consider the case
when the group of m is the quaternion group as the other two
follow as special cases. Further, to show that any matrix inm

belongs to the algebra over R of G, it is sufficient to show that
any Mem' is a real linear combination of M,, M,, and M, M.

J. D. Newmarch and R. M. Golding 696



By Hermiticity and Schur II,

MM, + MM = al,
MM, + MM = bl
MMM, + MMM = d,

with g, b, ¢ real. Set
N=2M+aM, + bM, + cM | M,.
Clearly Nem'.
It follows that N anticommutes with M, M,, and M, M,.

Hence N is either zero or by normalization an element of the
group of m. As there are no other elements of this group, N
equals zero and

M= —\(aM, + bM, + cM\M,) (6)

as required.

Thus there are possibly three kinds of ICR according as
m is isomorphic to R, C, or Q. That these three types actually
occur is shown by our earlier work.® It is helpful to quantize
this by introducing the intertwining number from the pure
mathematicians’ version of group theory.!” Recall that any
complex number may be written as an ordered pair of real
numbers, and that any quaternion may be written as an or-
dered quadruple of real numbers. This leads to the following.

Definition: The intertwining number I of m is the di-
mension of m as an algebra over R. An ICR is of type (a) if m
is isomorphic to R in which case 7 = 1; of type (b} if m is
isomorphic to Q, when I = 4, and of type (c) if m is isomor-
phic to C with I = 2.

3. ORTHOGONALITY RELATIONS

The general forms of the orthogonality relations have
previously been given by Dimmock.® They are
Theorem 7: If D, and D, are two inequivalent ICR’s,

> D) Dyuy = Y D\fa)y Dyfa)f = 0. (7)
For D irreducible and unitary,
DD WDk + Y D@D =6,6,4Gl/f,  (8)

where fis the dimension of D.
We only remark that the last part of this theorem may be
shown in a simpler manner as

M=3YDwXD(u ')+ SDa) XD "*

satisfies the conditions of Schur III and hence is diagonal.

This theorem does not take into account the different
types of ICR and their properties. The following is proved
for an ICR of type (b) and is specialized to types (a) and (c)
later.

Theorem 8: If D is a unitary ICR of type (b) with the
group of m generated by M, and M, then

2D (u)yD (u)x;

=G 172(16:8, — (IG 72f)M ) (M ),
— (G /Y WMo) (M) — (1G 1/2f) (M M),y (M M), (9)
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Proof: From Schur IV, the following matrix is in m and
can be written

SD (XD (u)* + SD (@)X *D(a)*

= Al +uM, + oM, + MM, (10)
with A, 1, w, 8 real. Taking Hermitian adjoints

SDUX *D(u)* + ID(@X Da)*

=Al —uM, — oM, — SMM,. (11)
Adding and taking traces,
{1G |72f) (trX + trX *) = A. (12)

By pre- and post-multiplying these by M, we can isolate the
term ul to give

p= —(G|72f)[tr(XM,) + tr(XM,)*] (13)
with similarly

o = — (|G |/2f)[tr(XM>) + tr(XM)*] (14)
and 6 = — (|G |/2f)[tr(XM ,M,) + tr{ XM, M,)*]. (15)
From Schur IIT we also have

YD (uXD(u)" + ED (@X™D(a)* =z, (16)

with Hermitian adjoint
SDwX *Du)*" + ED (@X *D(a)* =z*I, (17)

where z = (G /f)trX. (18)

The sum over @ may be eliminated from Egs. (10} and (17) to
give

SD(u) (X — X *)D (u)*
= (A — 2% + uM, + oM, + 5M,M,.

By setting X, = 1 for some, k and zero otherwise, and then
setting X, = i for the same j, kK and zero otherwise, simple
manipulations give the result.

These may be specialized to a type {c) ICR by setting
M, = 0and to a type (a) ICR by also setting M, = 0. We give
a summary for each case, together with the character tests
which follow directly with Eq. (8).

Type (a):
LURITE VNI RSN (19)
Srlupetur® = Syia) = 161 (20)

Type (b):

%:D(u),jD(u)}',‘\. = f—f'é,-,a,k - %(M i (M),
- %(Mz)k, (M),
— %{M,Mz)kj (M \M,),, (21)

J. D. Newmarch and R. M. Golding 697



G G
So@. D =1%1s,8, + Sl 1)),

of 2f
+ %(Mz)k,- (M),
+ %{MIMZ)U(M,MZ),-,, 22)
S xluly(u)* =2|G |, (23)
S xl@)= —1G|. (24)
Type (c):
_ 1G] _ g
ZD(u)ijD (Ul = _zf_ailajk z_f(Ml)kj(Ml)il’ (25)
_1G| 1S sy g,
Ea:D @y Dla)f = ‘—2761'15;1( + o (M) (M), (26)
Sxluyw)* =G|, (27)

Syla?) =0. (28)

Equations (7), {20), {23), and (27), when combined with
the intertwining number, are actually the row orthogonality
relations of the character table. We defer the statement for a
discussion of the class concept.

4. CLASSES IN COREPRESENTATION THEORY

It has already been remarked that the number of classes
need not equal the number of ICRs (it is always equal to or
larger). An examination of previously published tables’ also
shows that in many cases different classes have the same
character for all ICR’s. Clearly then, the definition of class
must be extended for corepresentation theory.

Definition: Two elements u, and u, of the linear sub-
group H are said to be in the same corepresentation class (C
class)if either u, = u uu™"'for some ueH or u, = au,'a="
for some acG — H.

It is straightforward to check that this is an equivalence
reiation on H so that a C class may be labelled C, where u is
any element of the C class. This also follows easily:

Theorem 9: The character of a corepresentation is a C-
class function on H.

The C class is here only defined over the linear sub-
group H; it does not as yet appear useful to extend it to
G—H.

Theorem 10 (Row Orthogonality): If D; and D; are two
unitary ICR’s with characters on H of y; and y; respectively,
and the number of elements in C, is n,, then

CE"uXi(u)Xj(“)* = 6iinIH 8

where the sum is over all C classes of A and I, is the inter-
twining number of D,.

This follows as stated at the end of the last section. Immedi-
ate results from this are

Corollary 1: If D is a corepresentation equivalent to a
direct sum of ICR’s D,

698 J. Math. Phys., Vol. 23, No. 5, May 1982

D = @ Zdr‘Di’
then

1
i m;nux(u)Xi(u)*'

Corollary 2: If two corepresentations have the same
character on H, they are equivalent. Returning to results on
C classes,

Theorem 11: (a) #'C,u' ' =C, and aC,a~' =C "
for all 4, aeG. (b) C, and C ' are in one-to-one correspon-
dence under the mapping g—g~'.

Theorem 12: Let D be a unitary ICR and

S, = Y D)
w'eC,
Then S, =zI.

Proof: This follows by using the previous theorem to
show that S, satisfies the conditions of Schur II1.

5. THE REGULAR COREPRESENTATION

The regular corepresentation Dy, is useful in corepre-
sentations for exactly the same reasons as the regular repre-
sentation is; with the elements of G ordered in some arbitrary
fixed order, define

Dy gy =1 if =88
=0 if g#g.g '

Due to the reality of the matrices, this representation is also a
corepresentation. The following are shown in exactly the
same manner as in representation theory''—once the basic
C-class results and row orthogonality are known, the meth-
ods of the two theories coincide.

Theorem 13: The number of times an ICR D, is con-
tained in Dy is

2f./1,.
Theorem 14:

2
sk
1

4y

1

Theorem 15: If e is the identity of G and D, is a unitary
ICR

z Xilely:(u)*

7 1,

Theorem 16 (Column Orthogonality): If D, is a unitary
ICR,

= Sleu)|H |.

v (1 )%

grbbl oo o H]
i {; o

6. DIRECT PRODUCTS

The (inner) direct product is defined in the normal way
by

D=D,®D, if D(g);w =D gluD:g)-

From the row orthogonality, this can be reduced directly
without reference to the irreducible representations of H.
We collect the interesting results in one theorem.

J. D. Newmarch and R. M. Golding 698



TABLEL The character tables for the 58 magnetic point groups. The group or groups are given on the upper left of each table, with the ICR’s beneath. In the
upper middle is given the C classes with the character beneath. To the right is the intertwining number for each ICR.
(a)

1 2! m' E I

A A A 1 1

(b)

2Y/m

(=]
Ny
5—
by by by
~

2/m' 222!

(e)

2m'm' E C.

fe

m'm'm’ E
mmm! E C. o, o
E

—_—
|
—_—
I
—_—
(|
—_—
_—

412! E CerCs, C,, I

1 —1 -1

s
NN o= -

|

)

o

|

[\ ]
B

-2 -2 2

a
~
_
—
-

699 J. Math. Phys., Vol. 23, No. 5, May 1982 J. D. Newmarch and R. M. Golding 699



TABLE I (Continued ).
().

4'/mmm

E CZ)NCZy Ca. I 0,0, g, I
A, 1 1 1 1 1 1 1
E, 2 0 -2 2 0 -2 2
B, 1 —1 1 1 —1 1 1
A, 1 1 1 -1 -1 —1 1
E, 2 0 -2 -2 0 2 2
B, 1 -1 1 ~1 1 -1 1
(_i\
42"2! E C3 cl C. I
A 1 1 1 1 1
B 1 -1 1 —1 1
g 1 -1 i —i 1
E 1 —1 - i 1
(k)
4/m’ E Ch.C, C,,
4"/”1l E 34: yS4; CZ: 1
A A 1 i 1 1
B B 1 -1 1 1
E E -2 2
(1)
4m'm' E Ca G, Ca
2'm' E S G, S 1
A A 1 1 1 1 1
B B 1 — 1 1 —1 1
'E 'E 1 i -1 —i 1
’E 'E 1 —i —1 i 1
(m),
4/mm'm' E Ch C,, Ce I Se o, S 7
A, 1 1 1 1 1 1 1 1 1
B, 1 —1 1 —1 1 —1 1 -1 1
'E, 1 i —1 —i 1 i —1 —i 1
’E, 1 —i —1 i 1 —i -1 i i
A, 1 1 1 1 —1 —1 — 1 —1 1
B, 1 -1 1 —1 -1 1 -1 1 1
'E, 1 i —1 —i -1 —1i i i 1
E, 1 —i —1 i —1 i 1 —i 1
(n),
4/m'm'm' E Cy, Ci Covy Crap
4/m'mm E C,, (oF3 Ory Caab
4/m'm'm E C,, Si Ciy Oaap I
A, A, A, 1 1 1 1 1 1
A, A, A, 1 1 1 -1 —1 1
B, B, B, 1 1 - 1 -1 1
B, B, B, 1 1 —1 —1 1 1
E E E 2 -2 0 0 1
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TABLE I (continued ).

(o)

32! 3m' E

A A 1
'E 'E 1

w* 1

9}
it
By

.4
:x-,
_— e
S
»
S

—_——

—1
-1
—1

—
—

w* @
—1 -1
—w —w
*®

— o —

—w

-1

bxy
N o= N =

—1

|
—
[ Y N .

T41.23
Clias 1

a0
“

—
—

6'/m'm'm E Ci

+
S T41,2,3 I

5
N o= o N = e
—_

—_—

1
-1
-2

-1 0
—1 -1
-1 1

(u)

6m'2!

o
1)
2
o
S_
3—
ty o

Sy
Cy

A’ A A
lEﬂ IEl lEI
E” ’E, ’E,
A" B B
g’ ’E, ’E,
IEI IEv2 IE'2

— et

—w*

-1

—
—
— e s .

701 J. Math. Phys,, Vol. 23, No. 5, May 1982

J. D. Newmarch and R. M. Golding

701



TABLE (Continued ).
v)

6'/m E S o C;

6/m' E cs G cr I

A A’ 1 1 1 1 1

E, E" 2 1 -2 —1 2

B A" 1 —1 -1 1 1

E, E’ 2 2 —1 2

(w)

6/mm'm  E cr ¢+ G c: c; I s. S o, s+ S- 1
A, 1 1 1 1 1 1 1 1 1 1 1 1 1
'E,, 1 —0* @ -1 w* —w 1 -w* -1 o* —w 1
’E,, 1 —w w* -1 ) —w* 1 —w w* —1 © — w* 1
B, 1 —1 1 —1 1 1 1 —1 1 -1 1 —1 1
’E,, 1 © w* 1 @ o* 1 ) w* 1 @ w* 1
'E,, 1 w* o 1 w* 1) 1 w* ) 1 w* ) 1
A, 1 1 1 1 1 1 -1 -1 —1 —1 —1 -1 1
'E,, 1 —o* o —1 o* —w —1 o* —w 1 — w* » 1
’E,, 1 —w w* —1 a) - w* -1 ) —w* 1 —w o* 1
B, 1 —1 1 -1 1 -1 -1 1 -1 1 —1 1 1
E,, 1 © w* 1 © o* —1 —w —w* —1 - —w* 1
'E,, 1 0* o 1 w* © —1 —w* ) -1 — w* —w 1
() _

6'/mm'm E g, o S Cs, O,

6/m'm'm E C,, CF C& C;, Cy
6/m'mm E C,, Ci C¢ 04 g, 1

A 4, 4, 1 1 1 1 1 1 1
A3 4, 4, 1 1 1 1 —1 1 1
A7 B, B, 1 —1 1 —1 1 —1 1
A7 B, B, 1 —1 1 —1 —1 1 1
E" E, E, 2 2 -1 1 0 0 I
E' E, E, 2 2 —1 -1 0 0 1
W)

m'3 E Con ci I

A 1 1 1 1

E 2 1 —1 2

T 3 -1 0 1

(z)

4'3m' 432! E C,m C, cy I

A A 1 1 1 1 1

'E 'E 1 1 © w* I

E ’E 1 1 w* © 1

T T 3 —1 0 0 1

(aa)

m3m' E Conm Cy (olhs I a,, S S, 1

A, 1 1 1 1 1 1 1 1 1

'E, 1 1 1) w* 1 1 @ w* 1

’E, 1 1 o* o 1 1 w* ® 1

T, 3 —1 0 0 3 — 1 0 0 1
A, 1 1 1 1 —1 —1 —1 ~1 i

'E, t 1 1) w* —1 —1 —w —w* 1

g 1 1 w* ® —1 —1 P —w 1

T, 3 —1 0 0 -3 1 0 0 1

702 J. Math. Phys., Vol. 23, No. 5, May 1982 J. D. Newmarch and R. M. Golding 702



TABLE I (Continued ).

{bb)
m'3m' E of Con C, am
m'Im E oF Cs,. Ty 4 I
A, 4, 1 1 1 1 1 1
A, A, 1 i 1 —1 -1 1
E E 2 —1 2 0 0 1
T, T, 3 0 -1 -1 1
T, T, 3 0 -1 1 - 1
(

Theorem 17: have been adapted from the tables of Cracknell’ and all nota-

(a) If D;, D;, and D,, are ICR’s and tions are the same as there.

D D = o Zd ,’;Dk. APPENDIX: DESCENT IN SYMMETRY TO THE LINEAR

k SUBGROUP

Then

k

1
dj=———Nn,y{uly(uy.u*
i Ilel;., Xiluly(uly (u)
(b) If 0 is the identity ICR,
d% =1,
(c) If d % is the multiplicity of 0 in D, eD;eD,
then

d°

w=d5I.

This difference between the double and triple product is
of great importance in developing a Racah algebra for such
groups.®

Symmetrized and antisymmetrized squares are neces-
sary in dealing with a number of fermions or bosons; symme-
trized cubes are used in magnetic phase transitions®; symme-
trized, antisymmetrized and mixed symmetry cubes
separate out the permutation properties of the 3jm symbols.
These can all be distinguished by character tests. For com-
pleteness we summarize them here. The notation used is
{4}, where {4 } is a Young diagram of S, .

{aly,2 (u) = 1( [l’(u)]z +X(u2)),

(b)X; 1y (u) = %( [X(UHZ — X(uz)),

(Chyyx ()= L Dxl) 1 + 3y () + 2y (),

(i, () = 3 Lxe(@)]® — 3pte®lylw) + 2xta?)),

(€)y 2y () = §(Tx()]* — y(uY).

The row orthogonality now allows a direct reduction of

these powers without use of tables relating these powers to
the linear subgroup.

7. CONCLUSION

In this paper it has been shown that the powerful con-
cept of a character table applies to finite magnetic groups as
well as linear groups. The only added complexity is the sim-
ple intertwining number. The character table will expedite
calculations as well as helping to show that corepresentation
theory can stand upright without leaning on representation
theory for most of its results.

To make the theory more concrete, the character tables
for the fifty-eight magnetic point groups are given. They
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The results obtained so far have been done without any
reference to the representation theory of linear groups. It is
known, however, that there are strong relations between the
ICR’s of G and the irreducible representations (IR’s) of H.'
These are generally shown by ascent in symmetry where the
ICR’s of G and their properties are determined by the IR’s of
H. From the methods developed earlier, we now reverse this
and derive these relations by descent from G to H. No new
results are demonstrated—rather the interplay between
Schur’s lemmas for linear and nonlinear groups is shown.

First we fix notation, and give the row orthogonality of
an ICR of G subduced to A. Let D be a unitary ICR of G and
4 the possibly reducible representation of H obtained by
descent to H. y, the character of D on H, is also the character
of A. Row orthogonality then gives

Dxlulyu)* =1 |H |

with 7 the intertwining number of D. Each type of ICR is
now considered in turn.
Type (a): Since I equals one, 4 is an IR. Setting
P=Dla,)
for an arbitrary fixed element of G — H,
4 (ag) = D (ay)D (ag)* = PP*
and
A(aguag ") = D(aguay ') = PA (u)*P .
The ICR matrices are then given by
D (u) = A (u) and D (a) = D (aag 'a,) = 4 (aa; ")P.
The IR satisfies the character test

21’4 (@) = |H |.

For the other two types of ICR, 4 is reducible. To gain
the results given by other authors® we consider the special
case in which a unitary transformation has been applied to D
so that 4 is in completely reduced form.

Type (b): As the intertwining number is four, 4 is reduc-
ible to either 4,04, or 4,04, ® 4; 8 4,. This second pos-
sibility soon leads to a contradiction for by Schur’s lemma
for linear groups any Mem must be
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z 1 0
z,1
z,1
0 z,d

Schur IV shows then that Mem' is purely imaginary so that
M, M,, and M\ M, are purely imaginary. This is the required
contradictionandsod = A, 94, ie.,
A4 ,(u) 0 )

0 A \(u))
By Schur’s lemma for linear groups applied to Mem

M C,I 221)
Az, 0
Butby Schur ILM + M * =Aland (M — M *)? = — u?I.
Hence

" (1 0)+x(z‘1 0)
o 1)7*™o  —ir

(0 1) (o il)
1 o/ T o)

This in turn imposes restrictions on D (a) as MD (a)
= D {a)M *. Choosing an arbitrary element a,eG — H gives

i~y 1)

D _( 0 A,(aao_‘)P)
=\ _ 4aas P o /

4,(a3)= — PP*,
Afaguay ') = PA,(u)*P ™,

D(u)=A(u)=(

and

dHala’)= — |H|

Type (c): The intertwining number is now two so 4 is
equivalent to 4, ® 4, with 4,=£4,. If 4 is in completely re-
duced form
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Al = (A ](;u) Aju))’

the same reasoning as before gives Mem as

I 0 i 0
M= .
x'(o 1) +x2(0 —1'1)

For fixed arbitrary a,€G — H,

Dl =(p o)
4 (aay ')P,),

0
D(a)= .
2laag )P, 0
4,(a3)=P,P¥ and A,a})=P,P¥,
and
A \(aguag ') = P A (u)*P [+,
A \(aguay ') = P,A(u)*P ;"

from which the character test follows:

2 Xa,(@) =3 xala})=0.
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