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ABSTRACT

The aim of this thesis is to construct and determine the
properties of the Racah algebra for compact groups of linear/anti-
linear operators including the Wigner time reversal operator 0 (the
grey groups). Here 6 is an operator which squares to the positive or
negative identity, which commutes with all other operators of the

group, and is antilinear

8Calv> +8|6>) =a*0|y> +8%8|¢ >

This problem has a clear physical basis as for non-magnetic,
paramagnetic and diamagnetic crystals in chemistry, ¢ commutes with
the Hamiltonian in the absence of an external magnetic field. Time
reversal symmetry is also used in elementary particle physics. The
use of a symmetry group for a quantumlsystem can only be fully exploited
by extensive use of Racah algebra methods, particularly the Wigner-

Eckart theorem.

The mathematical foundation for considering this problem lies
in the antilinearity of 6. The very extensive range of group
representation theory rests solidly on the assumption that an abstract
group is isomorphic to a group of linear operators and hence to include
an antilinear operator means that representation theory is not

applicable.

One common method of dealing with this difficulty has been to
avoid it —that is, to use only the linear subgroup for the major part

of any calculation and then consider the effect of time reversal

later,



However, not only does this fail to utilize the complete symmetry,
it may even give rise to errors if applied injudiciously. A second
method, common in chemistry, is to lump pairs of complex conjugate
representations together. This is a dangerous path - for as well as
causing mathematical problems it also gives incorrect degeneracies

for quite simple systems.

The approach by Wigner was to start all over again and to look
anew at the multiplication properties of the matrices of linear and
antilinear operators. He called the result 'corepresentation theory'
and it is the proper framework to deal with groups of linear and
antilinear operators. As from the very beginning it differs from
representation theory, it is necessary to rework all results from
representation theory to determine whether or not they still hold

for corepresentations.

The first part of this thesis is concerned with the theory of
the Racah algebra for the corepresentations of compact grey groups.
From the above, the subject matter is quite straightforward: to
take as much as possible of the general Racah algebra for compact

linear groups and rework it for the grey groups.

The primary results are:

(a) n-jm symbols may be found with essentially the same properties

as their counterparts in representation theory.

(b) If the n-jm symbols of the linear subgroup are known, then

they can easily be induced up to give the symbols for the

grey group.



(¢) The Wigner-Eckart theorem and Racah's lemma both hold for a grey

group using the 3jm symbol.

(4) The reduction of two irreducible corepresentations to a third
shows a marked difference to the corresponding reduction for
representations. This loosens the bond between the coupling
coefficient and the 3jm symbol, and also between the recoupling

and n-j symbols.

The second part gives various tables and notations for use in

the grey double point groups.

It is shown in this thesis that a well-developed Racah algebra
exists for all compact grey groups. In many places it parallels the
algebra for linear groups but there are some important divergences.
By and large the algebra is as tractable as the linear group algebra,

but some annoying problems remain in the area of the n—j symbols.



PART ONE:

THEORY
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1.1

CHAPTER ONE : INTRODUCTION

The Racah Algebra for SU(2)

The history of the mathematical techniques generally
subsumed under the heading of 'Racah algebra' is long and varied.
From the initial introduction by Condon and Shortley [ 1] of
the Clebsch-Gordan coefficients (which in this thesis are called
coupling coefficients), Racah [245] developed a powerful array
of methods for dealing with many electron calculations in a
spherically symmetric potential. This symmetry allows the
algebra to be treated in terms of the representation theory of
the pure rotation group SO(3) (or if spin is included the

unimodular group SU(2)) [6] . This interpretation is as follows:

(a) The set of vectorsl{ljm> t:m==] ;.000.., j} form a basis
for an irreducible representation j of SU(2) (or of SO(3)

if j is restricted to be integral).

(b) If two non-interacting electrons with angular momenta
j1 and jo respec;ively are coupled, the total angular
momentum j; takes the values [j; - jzl sevesey J1 F Jo.
Group theoretically we are reducing the direct (inner)
prdduct j1 8 jo to a sum of IRs through a Clebsch-Gordan

series

i1 R ] I g ciy
i1 832 i 12 13

3
The coefficients Cj, are termed Clebsch-Gordan coefficients,

and the value of a coefficient is often called the

multiplicity of jg in j1 ® js.



(c)

(d)

Whilst the Clebsch-Gordan series can be used to give
qualitative results such as simple selection rules,
quantitative calculations require a more detailed
description of the direct product reduction. The matrix
of the direct product j; R jo, may be block diagonalized by
a unitary transformation, which gives a corresponding

transformation of the basis vectors:

jmy>|jomo> = . Z <j1jojsmz|jiiomimo>|iams>
1> |iome> =, E <j1ipiamslirizmimo>]iamy

with inverse

|jams> = mlzmz <jrigmimg|i1i2dsma> |3 1m1>]3omp>

The elements of this unitary transformation will be called

coupling coefficients.

Algebraic expressions exist for the coupling coefficients
[?,6,i] but they are extremely cumbersome. A variety of
related coefficients exist which possess simple properties
under permutations of the coupling, of which the two most
important are probably the 35 symbol of Wigner E6] and the
V coefficient of Fano and Racah [8]. These permutational
properties are closely related to the associativity property
of the reduction of three IRs j; ® jo ® j3 to 0, the
identity IR of SU(2) and the behaviour of the IRs under

complex conjugation or time reversal [6]



(e)

(£)

The reduction of the triple product j; 8 j, R j3 to a sum
of IRs j (and of higher order products) is of interest

due to the variety of orders of coupling which may be used.
6j, 95 y.0.., symbols may be defined relating these orders,
and possess the property of invariance under basis

transformations,

Forming eigenvectors of a Hamiltpnian is only part of
solving a problem in quantum mechanics. To obtain, say,
the probability of electromagnetic transitions from one
electronic state to another, it is necessary to calculate
matrix elements of various operators. This is facilitated
by the extremely importantWignér-Eckharttheoreml:9,1Qj
which starts with a definition: if a tensor T(jm)
transforms under SU(2) as a basis vector.ljm s> then it
forms the m o componen£ of an irreducible tensor T(j).

Then for an irreducible tensor, the radial and spherical

components 'factor out' to give

<jam3|T(kyq7) |jomo>
k1+jp+2j3-m3
- 1)
j1d2 i3 <jsl|T(ky) |]32>

mj mp M3

where the reduced matrix element <j3||T(ky)||in>
represents the radial contribution. By considering
various coupled tensors in coupled schemes, recouplings
using the 6j and 9j symbols may be used to simplify

calculations.



1.2

Groups in Physics and Chemistry

The realization that SO(3) symmetry is responsible for
many of the properties of the angular momentum wavefunctions
Yim (6@) has led to a boom in the use of group theory in all
branches of quantum mechanics. In many introductory texts
(e.g. Schiff [1i]) S0(4) and SU(3) symmetries are used to
explain the degeneracies of the hydrogen atom and three
dimensional harmonic oscillator respectively. On a wider front,

group theory is indispensable for many problems. We cite:

(a) Elementary particles. SU(3) and SU(6) symmetries [jZ]
have succeeded in bringing some measure of order to the

classification of elementary particles.

(b) Atomic spectroscopy. Treating the 2 x (208 + 1) states
‘of an & electron as basis vectors for SU(4% + 2) gives a
classification through a chain SU(4% + 2) 2 G2 G'>....D
SU(2) ® S0(3) for many electron states Ln, the most notable
being the seniority number v of Racah [b] which corresponds
to an IR of SP(4, + 2) E13] . Although these additional

quantum numbers need not be'good'[14] they are still useful.

(c) Single crystals. Single crystals are a good approximation
to regular structures and thus possess geometric symmetry
groups such as K or Ay, the group of the icosahedron.

One of the most striking uses of group theory was the
demonstration by Jahn and Teller [15,16] that with the
exception of a linear molecule, a completely regular crystal

is unstable in a first order perturbation of the shape.



(d) Regular solids. Here again geometric symmetry plays an

important role through the medium of space groups.



1.3

The Racah algebra for Linear Groups

The group theoretic interpretation of the Racah algebra
for SU(2) suggests that the algebra can be extended to all groups
and that calculations can be simplified by exploiting this
symmetry. However, whilst serving as an 'ideal' model for
general discussions of the algebra, SU(2) possesses so many
special features which turn out to drastically simplify the
algebra that generalizing it has turned out to be a non-trivial

problem involving much work.

Firstly, all transformations in SU(2) are linear i.e.

T(a|a> + b|B>) = aT|a> + bT|B>

Representation theory is based on this property, and since most
operators in quantum mechanics are linear, the vast body of
mathematical literature on representations may be used.
However, not all operators are linear. Wigner's time reversal
operator 6 [6] is a prime example of a non-linear operator

and others occur in discussing magnetic materials [1i] .
Although mathematicians have displayed a passing interest in
such operators [18] we were once informed by an algebraist

that they 'are not an element of the canonical body of

mathematical literature’ [19] .

Secondly, SU(2) is compact. This topological concept is
the next best thing to finiteness and loosely implies that any
result involving a summation in a finite group can be extended

to a compact group via an appropriate integral [20] .



In particular, every representation is equivalent to a direct
sum of irreducible unitary representations. Non-compact groups
do occur in physics (for example the Poincaré group [?f]) and

have infinite dimensional irreducible unitary representations.

Thirdly, SU(2) is a Lie group. This allows the Lie algebra
su(2) generated by gx , gy and gz to be used as for example was

originally done by Racah [2] .

These aside, two further properties of SU(2) have greatly
influenced the development of Racah algebra methods. A group
is called simply reducible (SR) if (a) Every IR is equivalent
to its complex conjugate and (b) If every direct product is
multiplicity free (MF) ie. if the Clebsch-Gordan coefficients
C?z equal zero or one only. Wigner [?Z] showed that many of
the properties of the Racah algebra of SU(2) hold for any

simply reducible compact group.

The removal of the two SR restrictions from compact or
finite groups has little consequence for the coupling
coefficients : it is necessary to include a 'multiplicity
label' and to recall that an IR is not always equivalent to
its conjugate. It is in the construction of the 3jm and n—j
symbols that difficulties arise. The most fundamental work
in this area was performed in the mid-sixties by Deéome and Sharp
[?3,24] who elegantly derived many of their properties, but
for a long time chemists were primarily inspired by the work of
Griffith [?5] . At present there is a bewildering variety of

papers, conventions and tables dealing just with the point

groups E26 —53‘] .



1.4

Time Reversal Symmetry

We became interested in these techniques in extending
the work of Golding [26,27] on the octahedral and icosahedral
double groups to the remaining double point groups T* , D:
and Cg. Although we were successful in this [?8] a number of
points remained incomplete. The method we used, in common with
several other authors cited was by descent in symmetry from
SU(2), a method validated by Racah's lemma [4] . The Wigner
time reversal operator [6] with its clearly defined action in,
say, Fano—-Racah standardization [8:]proved useful in a purely

mathematical sense.

A very common ploy in chemistry is to group a pair of
complex conjugate IRs into a real representation. Mathematically
this is fine, as such a representation is irreducible over the
real numbers but'ﬁsing this as a reason for the move is
physically indefensible. This increase in degeneracy is not
caused by restricting the field but by time reversal being a
symmetry operator of a simple electro-static Hamiltonian. If
the two methods caused the same consequences it would possibly
be excusable to confuse the methods, but a simple example
shows that this is not true. Consider Cg with the Z-axis as
symmetry axis. Then the two vectors [3/, 3/,> and [3/,-3/,>

both carry the IR generated by

z
F(C3) = -1

However, 63/, * 3/,> = I|3/2 Y 3/, >



and it is simple to show that no linear combination of these is left
invariant by 6 . Hence for this real representation, the degeneracy

is increased by time reversal.

Given, then, that © is a physically important operator with
non-trivial consequences and that Racah algebra techiques are very
useful, it thus becomes important to determine the properties of a
Racah algebra for groups containing this operator. As mentioned
before, o is anti-linear and hence representation theory in its usual
form is not applicaﬁle. Wigner [6] when faced with this problem
defined 'corepresentations' in analogy to representations and the
general theory of corepresentations has proved to be useful

particularly in the study of magnetic materials [}7:[.

Despite this, the development of Racah algebra methods for
corepresentations is lagging far behind that for representations.
A large number of papers have been published concerning the
corepresentations of linear/anti-linear groups [54—61] but moving
beyond that only a few papers have to our knowledge been published
on the coupling coefficienté E52—64] , and the Wigner-Eckart theorem
has been proved [biL‘We have as yet seen no discussion of the 3jm

and 6j symbols, nor of Racah's lemma.

In this thesis we develop the Racah algebra for compact groups
with time reversal symmetry. We take time reversal 6 as a commuting
operator of the group[?ﬁ]_and 62= I for bosons or an even number of
fermions, 62 = -1 for an odd number of fermions. These two
properties allow us to simplify the development from that which

would be needed for a general linear/anti-linear group.



10

In practice, we usually start from a compact group of linear

operators H and extend it to G by adding in the antilinear operators

a = 6u where u is linear. Since linear times antilinear is

antilinear, and antilinear times antilinear is linear, the coset

group G/H is isomorphic to C,. As H is compact, from the homeomorphism
fe(u) = f(6u), G - H is compact and hence G is compact. We shall see
later that all irreducible corepresentations of G are obtained from
irreducible representations of H, and so the compactness of H
guarantees a complete set of corepresentations of G. Finally, we shall
often need to integrate over the group. G and H both possess invariant

integrals, so we may write

J f(x)dx = J f(u)du + J f(a) da.

G H G-H

By simple substitution we have in particular

1]
N~
[

g = | 1du-= lda=3 | 1dx

For finite groups these integrals reduce to sums.



2.1

11

CHAPTER TWO : A COVARIANT NOTATION

Basic Concepts

A wide variety of notations exist in representation and
corepresentation theory regarding matrices, coupling coefficients,
3jm symbols, etc. A simple notation leads to ease of reading
but can hide many subtle and important points as is shown by
the papers by Derome and Sharp [23,24] . They, and others
following them E48,49] have used a covariant notation but
uﬁfortunately not one that is easily adapted to corepresentation
tHeory. For this thesis we use a notation borrowed from spinor
and rotor calculus [67,68] which handles in an elegant fashion

all the 'book-keeping' aspects of linear and anti-linear operators.

Let S be a complex vector space with basis {e (m) tm=1,2,
«e... } and S* be the complex conjugate space with basis
{e (&) :m=1,2,.....}. We suppase S to be extended by
elements of S* so that S may be taken as equal to S*. Examples

of such spaces are Hilbert spaces of square integrable functions.

If P is a change of basis matrix in S to a new basis

{e @' * m' = 1,2,.....} then using the summation convention,

C@ " *m"’ m (2.1)

This induces a corresponding transformation in S* by P* :

€ (m") © (@) © ' (2.2)



Thus in this notation

. .
D% = P% ., and " FOLE p" iy

m

I

so that dotting of indices represents the operation of
complex conjugation.

1

The inverse of P" o' is given by p" m -

_ m
*m - @t =
and
_ o'
@ - *@’t a

This notation, defined strictly for basis transformations
will be used freely whenever there is no risk of confusion.

Thus the inverse of, say, the coupling coefficient to be

defined later will be

mlmz -1 rm3

(<d;dnlie ) = <ji1isliz>
132134 rms 3 -

Whenever there is such a risk either the minus one will
be included or a more detailed notation to be described
shortly will be used. For example, in Racah's lemma we

'shall have occassion to use the inverse of a permutation

matrix M(12,3), and shall write

r -1 _ -1 ro
M(12,3) r2) = M "(12,3) r

(2.3)

(2.4)

(2.5)

(2.6)

12



2.2

The transpose of a tensor will be formed by changing each

inner (outer) index to an outer (inner) index. Thus

T ) (2.7)

i
(P ') = P, and (P Ih,) = Pﬁ'

This operation may also be performed by use of the tensors

m m . . .
§ 7, 5, 8 o' and their complex conjugates, which are

numerically one if m equals m' and zero otherwise. They
have the effect of changing inner, or in matrix terms row,
indices to outer or column indices and vice versa. This

gives an alternative formulation of equations (2.7)

m _ m 0 _n
Povn o= 8 e B (2.8)
and
. m A" A -
P.' —6 I.]. Gﬁl' P fl' (2.9)

Unitary Transformations

We are now in a position to define unitary tensors
which are of prime importance in group theory. 'If we have

1,2,.....} then the metric

an orthonormal basis {e (m) :m

in this space

*

S T C@C @ - C @ @ (2.10)
equals one if n = m and zero otherwise. Under a change
of basis

e(ﬁ,) e (m") = p" o' Pr.l,fl e(ﬁ) e () (2.11)
For P to be unitary, that is to preserve the metric,

5., , = P, p, M. (2.12)

13



which by simple manipulations may also be cast into

8 = p" ,p., T R (2.13)

giving a '"two-sided' form of the unitary condition.

These equations display one of the points which
separate the tensor and matrix notations. In matrix

notation the Hermitian adjoint P of P is defined by

This becomes

B
+
He

(2.14)

m m'

showing that P’ acts on the basis vectors of S*. Thus P
cannot be identified with P_1 as it acts on the basis vectors
of S. It is not hard however to find expressions for P
which also act as a check on the convention of equation

(2.4). From equation (2.12)
p'n - I n p' n
8 Sqr mt = P 4 Pay 8. 6

Contracting the tensor on the left and expanding the

right-hand side by equation (2.9)

1] . . q . 1] ° 1
s o= P ,pd., 3,606, P "
m m q n' "¢ nm
m q q'p'
=" ,p1.,, & Ps.,
m qm
L S .1 | .1
with §1P = 62, s ™. From this,
=" \l - 11
" H7le p® = Pt 0 5, (2.15)



2.3

This equation, which equally well expresses the unita?y
of P, will be used for the inverse whenever the simpler
devices of equation (2.4) or the statements following

equation (2.6) prove inadequate.

Unitary and Anti-Unitary Operators

The matrix of a linear operator u : S — S is

defined in the usual way by

. m
Ul gy T & (m W g

Under a change of basis the usual transformation law holds

., m' _ om' ., I n
jw™ ., = P InJ(u) . -

A unitary linear operator in addition possesses the

properties of equations (2.12), (2.13) and (2.15)

. mj . my
ﬁZ n; J(u) nj J(U)ﬁz )

my m

g™ T2 = ()™ ny Sy, M2 g2 T

and

. m; -1 - ﬁz n1ﬁ2
(j(u) nl) i(u) flzé ) myfhy

- . 3 *
The matrix of an anti-linear operator a : S — S

is given by

_ ., \m
qCm T % (m i@

with now one dotted and one undotted variable.

Under a change of basis it transforms according to

. m' m' ] m n
j(a) g = P mJ(a) . A

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

15
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In ordinary matrix notation this is

i (@' = Pia P

a rule which would normally need care in remembering.
The dotted and undotted tensor notation takes care of this

automatically.

Time reversal, in addition to being anti-linear, is

also anti-unitary [:6 ]. That is,

<adlaps=<i|pp”

Iﬁ our notation this is
*T _ %xT *
(a e (n2)) (a e (nl)) = ((e (nz)) e (nl))

which gives the anti-unitary conditions

- . ml . m2
an i, j(a) ay J(a)n2 éﬁz m (2.23)
m, Iflz - . my o ﬁ'lz fll n2 2
S j(a) i J(él)r12 S (2.24)
and
. >m1 -1 - ﬁlz f11n2 2.2
(i(a) [-11) j(a) n2<5 $ mythy (2.25)

The multiplication rules for linear and anti-linear
operators are easily found from the definitions (2.16)

and (2.21) to be

o)™ = G@D™ i)™ (2.26)

Jw)® = @ @t (2.27)



. m ., \M AN 1]
jlaw)™ . i(a) N j(w) 3 (2.28)

and

j(alaz)m n - jlap™ iy j(a)Iill n (2.29)

Again the tensor notation easily handles the complex
conjugates which prove a nuisance when using-a matrix

notation.

It is easily seen from these that the product of
two linear or two anti-linear operators is also linear, while
the product of one linear and one anti-linear operator is
anti-linear. It is readily checked that the same scheme
holds for unitary and anti-unitary operators: that the
product of two unitary or two anti-unitary operators is
unitary, while the product of one unitary and one anti-

unitary operator is anti-unitary.

17
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CHAPTER THREE: IRREDUCIBLE COREPRESENTATIONS

Reducibility and Orthogonality Relations

Let G be a compact group of operators over a complex
vector space S, with a subgroup H of linear unitary operators
{u : ueH }of index two in G, and a left/right coset G-H of
anti-linear anti-unitary operators {a : ae G-H}. Then the
set of matrices j = {j(u), j(a) : ue H, ac G-H} generated by
equations (2.16) and (2.21) satisfy equations (2.26) to (2.29)

and are called a corepresentation of G.

Jansen and Boon [66] have shoWn that it is not necessary for
most results to use the underlying space S, but as our main use
of the theory will be for G as the symmetry group of a quantum

mechanical system we shall retain it. -

As Maschke's theorem still holds [54] , each
corepresentation of G may be reduced by a unitary transformation
to a direct sum of irreducible corepresentations (ICRs) of G.
Schur's lemma only holds in a weak form for ICRs though, giving

the following rather unpleasant orthogonality relations [55]

(

il
@)

. ml A l'hz
j1(w ny jo (u) & du (3.1)

1]
o

(3.2)

. ml o ﬁlz
J ji(a) A, jo(a) n da
G-H

if j; and j, are non-equivalent ICRs, and



. mj . Ihz + . my . ﬁlz
[ i(w ny i(w e du J j(a) Ay i(a) np 92
H G-H
- mythy
el & 5. (3.3)
D] 12
if j is irreducible, and [3] equals the dimension of j.

Note how n; and n, are interchanged in the last integral.

Setting m; = n,, m, =10, gives a character test for
irreducibility
2 2
J |xj(u)| du + ( Xj(a ) da = |G (3.4)
H G-H

An important ICR which we shall use very frequently is

' the identity ICR Q0 , with

0w = 0(a = 1 | (3.5)
Letting jo, = 0 in equations (3.1) and (3.2) gives
. my = . mip =
J jip(w n du ji1(a) 3, da 0 (3.6)
H G-H
if ;4 0

Further, on restriction to H, O is an irreducible
representation (IR) of H which possesses an
orthogonality property as an. IR. Hence both integrals

in equation (3.3) are equal to |G|/2 for j = 0.

3.2 Classification of ICRs

On restriction to H, each ICR j of G subduces to a

possibly reducible representation k of H.

19
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Only a limited number of possibilities exist and give this
classification for ICRs [6] .

type (a) k is irreducible and equivalent to k where

k = k(a—lua)* for arbitrary fixed a. The character

test is
2 B 2 e
J |xj(u)| du = J xj(a ) du = 5 (3.7)
H G-H

type (b) k reduces to k; ® k) with k; = E]. The character

test is
| g e = 2l (3.8
H

type (c) k reduces to k; ® k; with ki § k;. Here

J |Xj(u)[2 du = |g (3.9)

H

For the grey groups time reversal 6 commutes with all
elements of G [66] so that k = k* and equivalence (non-equivalence)
is the equivalence (non-equivalence) of complex conjugate
representations. A further classification may be made according

to the Frobenius-Schur invariant.

2
= d .10
Cyo ] { X () du (3.10)

H

Thus k is of the first kind if it is equivalent to k* and to
a real IR (Ck = 1). k is of the second kind if it is
equivalent to k* but not to a real IR (Ck = =1), and k is of

the third kind if it is not equivalent to k¥* (Ck = 0).



2 . . s . . .
Further, 6 is either the positive or negative identity and an

examination of the method of construction of types (a) to (c)

gives exactly six types of grey ICR [§6j

(A) k is irreducible and of the first kind.

Then  j(u) = k(u)
jee) =8
and
ja) = k(ag DB
with
Bex = I

The character test is

[ |><j(u)|2 du = J X; (u?) du = -l%l
H H

(B) k reduces to k; ® k; with k; of the second kind

jlw) =
0 kl(u)
Y B
ite) =
8 0
- -1
0 ki(a® ) B
and j(a) = -1
' -k,(ag ) 0
with ge* = ~-I
[ lXj(u)lz du = 2 |G| and J xj(uz) du = -|G|

H H

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



(C) k reduces to k;

jw =
jey =
and j(a)
with
J ;1% @
H
62 = -1

* i
® k; with k; of the third kind

ky(u) 0
*
0 k1 (u)
0 I
1 0
* =1
0 k](e 0(.)
kq(a8) 0
u = |G[ and

Xj(uz) du =

e

(D) k is irreducible and of the second kind

j(u)

j(e)

and j(a)

BB:‘: =

where

Also

J ;1
H

(E) k reduces to k;

j(u) =

k(u)
B
k(a8 )8
-1
du = |G| and | x.,(u?) du = -|G
2 J 2
H
8 k, with k of the first kind
kl(u) 0

0 kl(u)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)



0 B
jCe) = (3.31)
-8 o
0 kfae—l)ﬁ
ja) = iy (3.32)
k(a6 ")p 0
where g* = 1 (3.33)
The character test is
(% du = 2/6| and (W) du = |G (3.34)
|Xj u) [T du = |G| an X u u [ | .
H H
(F) k reduces to k; & kt with k1 of the third kind
l(u) 0
ju) = (3.35)
0 k#*(u)
1
0 I
je) = (3.36)
-1 0
-1 |
0 kf(e a)
j(a) = (3.37)
kl(ae) 0
and
2 2
[ IXj(u)I du = IGI and J xj(q ) du = O (3.38)
H H

Conversely, if we start from the IRs of H, the ICRs
of G are constructed exactly according to the above scheme.
Thus time reversal only fails to increase the degeneracy for
types (A) and (D). We observe that these ICRs are equivalent
to their complex conjugates by the character tests of Rudra

[56], a fact we shall verify explicitly later.
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3.3

Reduction of Direct Products

The direct product of two ICRs may be formed in the

usual way

. . mqm . m . m
Q 1%2 = 1 2 .39
j1 B j2(w nqn, j1(u) n1Jz(u) . (3.39)
and
. . mlmz - : m, N mo
J1 8 Jz(a) v ﬁlﬁz J](a) ﬁl Jz(a) fl2 (3°40)

It is clear that the direct product is a corepresentation of
G and hence can be written as a direct sum of ICRs. An
important first step to establishing a Racah algebra is to
determine the Clebsch-Gordan coefficients of this reduction,

i.e. the values di

2ln
j1 3, =z a3 i, (3.41)
j3 12

This is not quite as straightforward as in representation
theory as the orthogonality relations are not so simple.
However, for the unitary operators we do have

. ) = I 43 4, 3.42
Xy, () x5, (@) iy 9 X5, (3.42)

with of course higher order analogues

5 4
. . . = d . .
le(u) XJz(u) xJ3(u) i, 4123 XJu(u) (3.43)

etcetera. We do not have such relations for the anti-linear
operators as their trace is not invariant under unitary

transformations.

From equation (3.6) and the remarks following, these last

two equations give

24



0
da= = 2 . (0 x. (0 du 3.44
12 Tay JXJI %3z (.49
H
and
d? = 2 [y, (. @ x, (W du (3.45)
123 'T—T i j2 i3 )
H 0 %
We note from equation (3.1) that d* = 0 unless j1 = j2.
12

. . 0
For grey ICRs this takes the simpler form that dfé = 0 wunless
j1 £ jo. Now consider the triple product with an intermediate

coupling:

j1 8 jo 2 j3 z d;; ju & J3

iy

LI, dY dd g 3.46
Jusls 12 43 15 ( )

]

It follows immediately that

dQ S d3* dQ*
123 12 373
or that
a3 = dQ*/dQ* (3.47)
12 123 33
For grey ICRs this is
a3 = a9 /4@ (3.48)
12 123 33

These equations display in form no difference to the
corresponding equations in representation theory, for there
the multiplicity of O in k @ k* is always one. However, the
difference in content is remarkable for d;g is not necessarily
one. To see this, examine each type of ICR in turn. For

a type (a) ICR, X; (u) = X (u) from which
3 3

a? =1 (3.49)
33

25



For a type (b) ICR, Xj3(u) = 2 X (u) and thus
3

33

For a type (c)

-
o
=
-
>
[ e
w
~~
c
o
Il

*
Xk1(u) + xkl(u) so

that
o __1 ' *
d33 ] [ Xk3(U) xk3(u) + 2 xk3(u)xk3(u)
* o, @7 g @ e (3.51)

This has the immediate consequence that the
multiplicity of, say, jg in j; ® j, need not be the same
as the multiplicity of j: in j; 8 j3. Thus the coupling
coefficient matrix which reduces j; 8 j, to jg will not
in general be related by a unitary transformation to the
coupling coefficient matrix which reduces j; R j3 to j:.
This result is peculiar to corepresentation theory and
marks the major departure from representation theory.

It will be studied in detail later.

The Clebsch-Gordan coefficient dfia on the other

hand, does have the symmetry properties.

d2 - 49 - 492 et (3.52)
123 132 213

Thus we may expect that the 3jm symbol which reduces the
triple product to O will have similar permutation
properties to the 3jm symbol in representation theory

[23,24] and this will indeed turn out to be the case.
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In many cases, the anti-linear operators G-H will be
'tacked on' to an already known linear group H. Bradley and
Davies [?4] have given the Clebsch~Gordan coefficients d;}
in terms of those for H, and we complement this by giving
in table 1 the coefficients d;% and dlg3for the grey groups
in terms of those for H. 1In table 2 we also give the non-
zero multiplicities when H is quasi-SR i.e. the minimum

non-zero Clebsch-Gordan coefficients for ICR couplings.



Table 1 :

Clebsch-Gordan Coefficients dlgg for ICRs in terms of

the Clebsch~Gordan coefficients Clg of the linear

subgroup
i1 i2
(a) (a)
(b) (b)
(c) (c)
(a) (a)
(a) (a)
(a) (a)
(a) (b)
(a) (b)
(a) (c)
(b) (b)
(b) (b)
(b) (c)
(c) (c)

i3

(a)
(b)
(c)
(b)
(c)
(c)
(b)
(c)
(c)
(c)

4

2

0
C12

0
Clza'c

0

Ci23

2

2

0
Ci23

0
Ci23

0
Ci23
0
Ci23
O*
123

0
Ci23

0
Ci23

0
Ci23

c

0
Ci23

3

+ 2 Cyp3

+ 4 Clg3*

0

0 x
* 201257 * 2 Cppug

0
* 2 Cipugn
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Table 2: The minimum non-zero multiplicity of the identity ICR in

double and triple products.

Multiplicity-free couplings of IRs give the following
multiplicities for the ICRs. If the IR coupling is not multiplicity

free, table 1 should be used.

i iz i3 multiplicity
(a) (a) - 1
(b) (b) - 4
c) @ - 2
(a) (a) (a) 1
(a) (a) (b) 2
(a) (a) (c) 2
(a) (b) (b) 4
(a) (b) (c) 4
(b) (b) (b) 8
(b) (b) (c) 8
(b) (c) (c) 4

(c) (c) (c) 2



3.4

Schur's Lemma

We are now in a position to state Schur's Lemma for
grey groups in its most general form although part (b) has

already been used to find the orthogonality relations of section

3.1 [55]

Lemma Let j be an ICR and P a matrix commuting with j in

the following sense
. mj n) '= my . n) :
j(u) an m P ny j(u) m (3.53)
and

(@™, p"1, = pM O (3.54)
n 1 mp
Then

(a) The intertwining number Ej,j] equals the multiplicity

of 0 in j ® j

(b) If P has at least one real eigenvalue, it is a real
constant matrix.

Part (a) is shown by taking each type of ICR in turn and

applying Schur's lemma for unitary groups. Thus for type (a),

j(u) = k(u) and therefore P = xI . Substitution into equation

(3.53) gives x real and hence the intertwining algebra is

isomorphic to R with intertwining number one. Similarly, for

an ICR of type (b), commutation with j(u) gives

and then with j(9)

30
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P=x; /I O} + x, fiI O \+ =x3f/ 0 I\ + x4 O iI

. . 3.
0 I 0 -il -I 0 11 0 (3.55)
with X real. This algebra is isomorphic to the quarternions Q
with intertwining number four. Lastly, for type (c)
P = X1 I 0 + X5 11 0
(3.56)

Here the intertwining algebra is isomorphic to € with
intertwining number two. Comparing these with the Clebsch—-Gordan

coefficients of the last section gives the result.

Part (b) follows immediately as for example, the existence
of a real eigenvalue for P of equation (3.55) implies

Xp = X3 = x5 = 0.

These properties are invariant under any change of basis,

completing the proof.

One consequence of the lemma has already been seen in the
orthogonality properties. Another is that, unlike repéesentation
theory, an irreducible space can have two or more bases all
carrying the same matrix corepresentation. For example consider
grey C: with the z-axis as symmetry axis acting on SU(2) ket
vectors with Fano-Racah standardization. Then the four sets of

vectors

1132 37255 =132 = 325y 5 132 325 132 7 325}

3

(1372 = 3725 2711372 31253and (372 - 3725 5 1372 3125)



each form a basis set for the ICR

E' (C3) = -1 0 and E' (6)

Il
o
-

0 -1 -1 0

This will produce further anomalies in the development of the

algebra.
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CHAPTER FOUR : 1ICRs OF THE DOUBLE GREY POINT GROUPS

In this section we give the ICRs of each of the double
grey point groups and give a notation similar to Mulliken's
[}é] which will be used throughout. For the single group the
grey group is the direct product of the point group and C,
(Dimmock and Wheeler [7d]) but this 1s not true for the double
group, and we shall abuse notation by referring to a grey

group by the usual double point group notation of Griffith

1] .

* *
(a) SU(2), O ‘and K

Each IR of these groups induces an ICR of
types (A) or (D) and hence the Mulliken notation
may be used to label the ICRs. The basis vectors

* * 3 3 .
of the IRs for 0 and K given by Griffith E?i],
Golding [26, 27] and McLellan [?2] are also basis

vectors of the ICRs.



Table 3: Reduction of the Direct Products of grey T*
A E T E' u'
A A
E E 2A+E
T T 2T A+E+2T
E' E' u' E'+U' A+T
U’ u' 2E'+U' 2E'+2U"' E+2T 2A+E+4T

34



. . . . . . *
Table 4: Multiplicity of A in triple products in grey T

Product Multiplicity
AAA 1
EEA 2
EEE 1
TTA 1
TTE 2
TTT 2

E'E'A 1
E'E'T 1
U'E'E 2
U'E'T 2
U'v'A 2
U'U'E 1
y'u'T 4

35



Table 5: Multiplicity of A; in triple products in D*n (n=2m+1)

Product
A1A A
AjApAq
E.E.A

j 1

J

E.E.A
itit?

EEE.

EjEkEj+k

Multiplicity

E

Product
S
E{EZA;
ESEE.
EgEﬁEj+k
F"E;{En/Z-j
Fifa/2+;
E“E’A;

E“E’A,

Multiplicity

36



(b)

(c)

37

The tetrahedral double grey group T*

The pair of representations T, and T3 [?il are
of the third kind and hence induce the ICR E of type
(C) and similarly E" and E"' induce the ICR U' of
type (F). The reduction of the direct products is
given in Table 3 and the multiplicity of A in the
triple product in table 4. It may be seen that the
multiplicity problem for these groups is much worse

than in groups without time reversal.

The dihedral double groups D#* 0 with n odd (n = 2m + 1)

The single group Dn has two one-dimensional IRs
A; and A; and m two-dimensional IRs El--'-°Em all of
the first kind. Thus they all induce ICRs of type

(A) and the generating matrices are:

Az(cn) = _A2(C2) = AZ(G) = 1
exp(ij¢) 0
E.(C ) = ’
Jjn 0 exp(-1j¢)
0 1
Ej(Cz) = Ej(e) = . o
where ¢ = 27/n.

The double group D* 0 has in addition m two-
dimensional IRs Ei......Eé ; which induce ICRs of
2 —2
type (D) and a pair of IRs A' and B' which induce

an ICR E' of type (F). Typical generators are



(d)

(e)

Cexp(1j4) 0 o 1
E!(Cn) = » EI(B) =
J _ O exp(-ij¢) J -1 0
1 0 i 0
\ —_ 1 —_
E'(C) = , E'(Cp) =
0 "1 0 -1_‘
-4 .
and E'(6) =
-1 0

The multiplicity of A} in each triple product is

given in Table 5.

D* N with n even (n = 2m)

The single group Dn has four one-dimensional
IRs Ay, Ay, By and B, and (m-1) two-dimensional

IRs Ey......E The double group has the

(m-1)°

additional m two-dimensional representations

El.....E' yy+ Each of these induces an ICR.
p (m-3)

The generators for B; and B, are.
—Bl(Cn) = BI(CZ) = Bl(e) =1 and —Bz(cn) = ‘Bz(Cz).
= Bz(e) =1

*
The generators for the other ICRs follow D (2m+1) *
There is no point giving a table of triple products

as the multiplicity of A; is always one or zero.

The cyclic double grey group C* n

The cyclic group C* 0 is isomorphic to C2n

[56] and hence has 2n one-dimensional representations

T with -n <m < n where
m/2

38



rm/Z(Cn)‘ = exp(im¢/2)

with ¢

27 /n

A= I'O induces an ICR of type (A). For l£ms<n -1

2

. . ' .
a two dimensional ICR Em/2 or E w/2° If n is even, Fn/2

the character is complex and hence T and T induce
m/ -m/2

induces an ICR A,, but if n is odd Fn/ is a spin

2

representation of the first kind and T & T induces
n/2 n/2

the ICR E'. The generators are

_éxp(im¢/2) 0 7 7)
E (c) = E (8) =
m/2""n s > "m/2
| 0 exp( 1m<]>/2)J Ll
exp (im¢/2) 0 ] 0
E' ,,(C) = , E' ,.(8) =
m/2 'n o exp(~ing/2) m/2 1

and for n even
Ap(C) = -1, Ax(8) =1
whereas for n odd

-1 0 0 1
E'(C) = , E'(8)=
n 0 -1 -1

@]

The triple direct product is given in Table 6.




*
Multiplicity of A, in triple products in Cn

1

*
' Table 6: Triple product in Cn

Product Multiplicity Product Multiplicity

AjA1A, 1 B, Ef By 2

AyApAq 1 Ef Ef E 2

E, By E 2 E; B[ A 2

R ) 2 e Fajo-x B2 2

E,  E A 2

B En/o-x A2 2 BB En/oe 2
BB En/ox 2

E“E’A; 4
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CHAPTER FIVE : THE WIGNER TENSOR

The Wigner Tensor and Time-Reversal

The Wigner tensor [2{] otherwise known as the 1-j symbol
[?5] or the 1-jm symbol [}S] plays an important role in
representation theory by relating an IR to its complex conjugate
IR in ambivalent groups, and hence in relating a coupling
coefficient to a 3jm symbol. Since all grey ICRs are ambivalent
(i.e. equivalent to their complex conjugates) it may be expected
that the Wigner tensor be equally important here. It is
straightforward to show that time reversal may be used to give

this equivalence by using the commutativity of 6:

o ml - " =1 ml
NEC) R j(eus ™) m
= . ml . fll . -1 flz
J(e) ﬁl J(U) ﬁ2 J(e ) m, (5-1)
ml = . _1 ml = . ml . —1 flz
Now ) my j(ee ) . M) By jte M) m,
X n
PN IS P N
So j(e ) m, j(e) m, (5.2)
This gives .
. ml = . ml . fll . —lﬁz
j(u) m, j(8) i j(u) i, j(e) m, (5.3)
and similarly
. ml = . ml . fll . "'1n2
j(a) y j(8) i j(a) n, () iy (5.4)

giving an explicit form for the equivalence relation. It may
be worth-while commenting on the matrix form of these equations
for clarity on this tensor notation. Equation (5.1) is

S = 503w 56N and equation (5.2) is i D) = j(e) l-



an entirely reasonable result since j(e_l) is an operator from
* - *

S to S, whereas j(6) ! is an operator from S to S. Equations

(5.3) and (5.4) are then j(u) = j(6) j(u) j(9) and j(a) =

. . * —1* .
j(®) j(a) j(o) respectively.

The tensor giving equivalence shares the same defect as
a matrix commuting with all j : it is not unique. For it is
clear that if P is one of the commuting matrices of chapter 3
section 4 then P j(0) also gives equivalence of j and j*. It
is easy to show that any matrix must be of this form. This
holds little (or proBably no) consequence if we restrict our
attention to the ICRs alone, but frequently in quantum mechanics
the basis vectors themselves are of as much importance. Now an
early assumption was that our vector space S equalled its

conjugate, that is, there is an anti-unitary operator K such

that
= it
e (1) K 5 e (n) (5.5)
Thus
n - n . m,
K 5 P m, j(8) 5 (5.6)

Now K2 necessarily equals I, whereas 02 may equal either plus
or minus I. From the commutativity of P and the explicit forms

2 +

given earlier, it follows easily that if © = I then K = - 6,

2
whereas if 0 = -I, K + A8 for any value of A.

Despite this need to distinguish between K and 6, we
regard 0 as the more important operator since in physically

important problems such as SU(2) and its subgroups,

42



the action of § is clearly defined whereas the action of K
depends an a particular realization of the basis vectors. We

emphasize this by taking as the Wigner tensor

. m _ . -1a _}.
j(® s = (m and j(8) oI n (5.7)
n m

so that

@™ = [m ORI ER (5.8)
and

. ml = o fl]

j(a) e m j(a) n, n, (5.9)

n my



5.2
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Normal Forms of the Wigner Temnsor

We shall now investigate to what extent j(0) may be cast
into a simple form. Ideally this would be diagonal but we
shall see that this is not always possible. It is not necessary
to use the covariant notation for this, as we are not
considering components in any detail and we simplify notation
by considering an antilinear operator T satisfying TT* =%1I
L

-1

and T T *. The invariant eigenvector equation for an anti-

linear operator is

. * = *
with T v = A wv.
- - * .
We first deal with the case TT = I. Choose any v 1n
S and let

= Twv

21

Then Tw = v. If v

w we have an eigenvector. If v + W,

set u=v +w. Trivially

(=3

Tu =

giving an eigenvector. If V is the subspace generated by the
eigenvector, we turn to the orthogonal subspace Vh'and repeat
the process. Thus we can find an orthogonal eigenvector basis

*
and diagonalize T. The eigenvalues are %1 from TT = I.

*
When TT = -I we have a different situation, for we can
no longer produce eigenvectors as above. But as before, we

let



from which

Again, if w = Av we have an eigenvector. If not, we search
for vectors which preserve the above form and are also orthogonal.

By setting
vi; = v+aw and vy = W - av

we have Tv; = v, and Tvp, = -vi. We may normalize v so
that it has modulus one, and from the unitarity of T, w also

has modulus one. If v; and vy are to be orthogonal,

- - *
0 = <vllv2> = a<w |w> - a<v Iv > + <v |w>-— aa<w |V >
or
a-a = <v|w>- aaw|v>.
If we let aa = 1, this is
Im(a) = Im(<v |w>)

since v , w are unit vectors. This equation can certainly be
solved for a since aa = 1, and we have orthogonal vectors.
We continue as before by considering the orthogonal subspaces.

Thus we may transform T to

: (5.10)




*
where from T Tv = =-v each eigenvalue A is ¥i.

The forms given here are not always the same as those
used in practice. For example, in SU(2) with j half-odd-

integral, the Fano-Racah standardization [s] gives j(8) as

( )

\ . J

which may be obtained from the above by a real orthogonal
transformation. It is convenient to have j(8) as a matrix
with only one entry in each row and column, and we allow for

such variations by taking

ORI o

to be non-zero for only one n for each m, and similarly for

ORI [ﬁ ]
m
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6.1

CHAPTER SIX : THE 3jm SYMBOL

Definition

In representation theory it matters little whether we
reduce j; 8 j, to j: or j; ® jo» ® j3 to the identity IR
0. However we noted in chapter 3 section 3 that the Clebsch-
Gordan coefficients df: and dlfgneed not be the same, so that
there is a fundamental difference between the two reductions.
Further, d?: need not equal di: etc., so any attempt to base
the 3jm symbols on the double product will impose very
restrictive properties on permutations of the ICRs. But
the multiplicity of O in jj; ® jp ® j3 is independent of the
order of coupling and so wé may expect a 'well-behaved' 3jm

symbol from this reduction.

We consider the unitary transformation which reduces
the triple product j; ® jo 8 j3 and define the 3jm symbol
to be the part of this matrix which reduces the product to the

identity O:

. ml o mz » m3
ji(u) 1 Jo (u) n j3(uw

n3
= e e e mymoms ry s e s Yo @ 6
(313233) ry $ £ (313233) nqnony ..(6.1)
and
. ml . m2 . m3
J]_(a) ﬁlJZ(a) .flz J3(a) ﬁ3
- « s e mimomsy rl o o e f‘z
(31i233) r § iz(J1J2J3) fiyfiphg 6....(6.2)
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r T . . o .

Here & 1 r and § ! : are the linear and anti-linear matrices
2 2

respectively of the identity ICR, and are unit matrices of

dimension equal to the Clebsch-Gordan coefficient dlg3'

The inverse notation of equation (2.4) has been used in

this definition, which is not strictly correct as the 3jm

tensor 1s not square. The 'invertibility' property is

s & . m1m2m3 e e . r2 = I'2 6
(313233) ry (313233) mymyms $ r (6.3)

or in the longer form of equation (2.12)

- e e . mympmsy PO I'Ilf'lzfla
82, rj (313233) rl(JlJst)irz

. o . (6.4)
njnpni3 mMmpmg

It is important to note that the orthogonality property
only holds in a sum over all three m values. We shall see
later that orthogonality in a sum over only two of the m
values only holds under very special circumstances, and
then only over subspaces of the 3jm multiplicity space.
Thus in general,

o o o m1m2m3 o e s r2 oy
(313233) rl(JlJzJB) mymym} e ry

x §3 n [is] (6.5)

From the unitarity of the reducing matrix, equations

(6.1) and (6.2) give
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e e . m1m2m3 - 4 ml . 1'[12 . m3
(313233) 'y j1(u) 0y jo(u) n, j3(u)
« o » n1n2n3
x (313233) r
and
« o mim-om r
(J13233) 17273 61

r] 12

. m . m . m . . . (N0on
= (a) ! . jo(a) 2 . (a) 3 . ( ja) 17273
3, ny 2 f, 3 J1J2313 o

n3

ng

(6.6)

(6.7)

Integration of them and use of the orthogonality equations (3.6)

gives the important equations

. e m1m2m3 PR I"l
(313233) ry (313233) aynpng

- . m1 . m2 o m3
2 J j1(w) a Jo(uw) n, j3(u) ng du
H

and

. e . mimoms r « o . i'z
(313233) ry 8, G123 0 o,

=_2
1€ g=n

. ml . my . m3
{ ji1(a) A j2(a) iy js(a) S da

(6.8)

(6.9)
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6.2. Completeness of the 3jm tensor

Suppose that (j;j2j3) and [jljgjé] are two 3jm tensors

of G. That is they both reduce j; B jo B j3 by equations

(6.1) and (6.2). Then as they also satisfy equations (6.8)

and (6.9),

e e e mjmpymsy PR r
(313233 r1(JlJst) n1nyns

= [j15253]m1m2m3 rlesz'a:lrz nynyns

and

e e e m1m2m3 r1 . e . fz
(313233 r $ 1-.2(J1J2J3) Ayhphs

= [G13234)"112™ rs §"3 l-w[J'lsz's’:lrL+ A1fphs

By equation (6.3) these may be written

« e e m1m2m3
(313233) r

= o s e njnong . s . Yo
(313233 r1|:313233] nynpng

. . .=mjmom
x [d1dads) 12 ro
and

)m1m2m3

(313233 r

= rz e e fllflzﬁ3 . . e 1.')_}
8 rl(JIJZJ3) szUzJﬂ nynons

T . . . =Mym,m
X § 3]’:“@”2]3 12 3r3

(6.10)

(6.11)

(6.12)

(6.13)
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setting

ro = s o njnong TR S B 45)
u? = Gidada) S EREESE] (6.14)

gives

. . . \Mjm,m r . . . =M;m,m
(G1ipd3) 17273 U2 TIEIJ-ZJ{I 172773 . (6.15)

rl 2

« e e my,m,m
X [313233] 17278 'y (6.16)

This shows that any two reductions of the triple
product are related by a transformation which is easily shown
to be unitary, and since sz - and §°3 £, are numerically the
identity, it is also real. Thus any two reductions of the
triple product are related by an orthogonal transformation.
This reality condition, which is stronger than in representation

theory, will be shown to be shared by many of the tensors

dealt with later.
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6.3 Conjugation of the 3jm Tensor

A partly conjugated 3jm tensor may be found by replacing
%
j3 in equations (6.8) and (6.9) by its conjugate j3 through

equations (5.8) and (5.9) to give

. . . (Mm,m
(J1J2J3) 17273

.. ‘rl
1 (313238) | fon,

... . MiMmom PPN 3
=[ my (313233 1727 rs (313233 3 nynyty | 1y

and

. . . \Iymom r . . . \T
(J1i233) 17273 1. (G132i)7% .

T ry ninyng
. . . \MMom r . . . \T
= [m; (G1iad) 1727 rs § 3 2, (313233 L’ﬁlﬁznh

my,

[

From the orthogonality of the 3jm tensor these may be written

as
. . . \Mympmg . . . . MympTy,
(313233) py - A7 g Uid2dd) (™ (6.17)
my,
_ L Io Ty, ry L. . MMM,
S r A £, 8 £, (313233) ry

M3

x . (6.18)
my,

. Ty _ (s s s yDDo0g d . . . \To

with A r (313233) ry i (313233) ninony (6.19)

ng

'
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as a real unitary (orthogonal) tensor.

In representation theory, orthogonality of the 3jm symbol
in a sum over n, and n, gives A as a diagonal tensor so that
equation (6.17) assumes a very simple form. As this does not

holds in general in corepresentation theory, A is not diagonal.

A tight relation between the fully conjugated 3jm tensor
and the non-conjugated tensor already exists-namely equation

(6.7). This may be specialized by setting a = 6 to give

. . . (Mym,m r
1%23 = 2
(31]2J3) r § r; m; my m3

) ny fi3

x (132§ ™20 (6.20)

Suppose now that one column of the 3jm tensor is real,

that is

NinN,n n n n . . .
) 1M283 = 1 2 3 .2 (JlJZJ3

)m+n5n6
Yo ny, ng Ng r

(313233 r3

Equation (6.7) then gives

« o e mim-m n PR nynNcsn
(J13033) 17273 §3 n6(JlJst) 4576

r ny ng ry

2 J1@™ L @™ ja@™ L (6.2D)

This is not analytically soluble, but some simple known

solutions correspond to physically important groups.
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For example two solutions are

(a)

(b)

If there exists some anti-linear operator 6 for
which j1(8), j,(8) and j3(8) are all numerically
the identity, then equation (6.2) is satisfied and

the complete 3 jm tensor is real

If there exists 6 for which one of jl(a), 52(5)

and j3(6) is I, and the other two -I, the 3jm

tensor is again real

A case where (a) occurs is in grey SU(2) with Fano-Racah

standardization Eﬂ where

6 = C_ 8

2
y

is equal to I for all ICRs. Thus all 3jm symbols of grey

SU(2) are real.



CHAPTER SEVEN : SYMMETRIES AND MULTIPLICITIES OF THE n-jm SYMBOLS

7.1

The 1jm Symbol or Wigner Tensor

The 1-jm symbol or Wigner tensor, which transforms j to
its complex conjugate j* has alfeady been dealt with in chapter
three section two and chapter five, and from these its
symmetry properties under transposition may be readily found.
For if k = Bk*s-l then BT = B if k is of the first kind and
BT = -8 if k is of the second. Then from chapter three section
two, the Wigner tensor j(6) is symmetric for ICRs of types (A),
(B) and (C) and anti-symmetric for types (D), (E) and (F).
These properties are preserved under any transformation
P j(e)P_l* . However, it should be noted that these symmetry
properties are not necessarily possessed by every matrix which
transforms j to j*. For as mentioned before, if P commutes
with j, then Pj(8) also gives the transition to j*. This is
intimately connected with the fact that d;% need not equal

d;%. A further clarification will be seen in the next section.
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7.2

The 2jm Symbol

*
Due to the equivalence of j and j , we define the 2jm

symbol to be the tensor which reduces j 8 j to O:

. ml . m2 - P m1m2 .. rl
j(w) a, j(u) n, (i3 r (GhD) nn, & ......(7.1)
and
.o\ .o T _ (::yM1Mmo T, .
j(w d, j(u) 3, G r, S 1._2(33) ﬁlI.126)...(7.2)
or
.. .. 2 . m . m
Gp™Mm2 o Gpte == f;(u) I @™ du (7.3)
r n;np |G| nj n,
H
and
3 2 m
(jj)m1m2 (jj)r2 ca, S g T T J j(a) 1,
r nnp r2 |G| o ny

x  j(a)™ 4, da (7.4)

This is a special case of the 3jm symbol with one ICR equal

to the identity 0.

The multiplicities of the reduction were

given in chapter three section three and are one, four and

two for ICRs of types (a), (b) and (c) respectively.

Under a permutation of the m values, the permuted symbol

must also satisfy equation (7.3), and so

(35)M2

.. rl
‘] (GR)) 0

or

.. mlmz
(GRD) .

172

M(12) T2 i

= GHTM Gt (7.5)

(jj)T 2™ (7.6)

Ty
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with

M(12) "2

= s N2 s o 111112
r GRD npng G 1

Thus the 2jm symbol generates a representation M(I), M(12)

of the permutation group S,, which has the symmetric IR

{2} and the anti-symmetric IR {12}.

The multiplicities

of these are respectively

M2}

and m{lz} =

1
2

[xM(I) + xM(lz)]

1 ry r)
5 EM(I) r, + M(12) rl]
1 T _ r]
5 [M(I) 1 M(12) rl]

But from equations (7.7) and (7.3),

ry _ senI] .y 11010
M(T) r - (31 a0y (i3 r
= 2z J 5 (u)™ J@™  du
| G| ! ny n2
- 2 z
" Te J (xj(u)) du
H
0.2 |
and M(12) r |G| Xj(u ) du
H
Therefore
_ 1 o 2
W,y T TeT J (xj(u)) + xj(u) du
H
and
- 2 - 2
ma2y = T f (x; (@) s (02) du

H

(7.7)

(7.8)

(7.9)



As each of these integrals is only over the linear
subgroup M, each ICR j may be written as a sum of IRs of H.
Thus for example, if j is of type (B), Xj(u) = 2Xk(u), with
k of the second kind. Since the multiplicity of {2} in k 8 k

is then zero and of {12} is one, this gives

m = 1 and m{lz}

A Frobenius-Schur invariant may be defined by

c, = -2

; & J x; (u?) du - (7.10)

H
and by working through each type of ICR in turn it is found
that Cj completely characterizes the symmetry of the 2jm

symbol. The rather curious results are given in table 7.

Before concluding this section, we make a few remarks
concerning the relation between the 2jm and ljm symbols. 1In
representation theory, since the multiplicity of O in k 8 k
is one if k is equivalent to k* the 1jm and 2jm symbols are
frequently treated as almost identical. Here the multiplicity
may be higher, but comparison of the symmetries of the two
symbols shows that the 1jm symbol is closely related to one
column of the symmetrized 2jm symbol. This relation, involving
as it does the coupling coefficient,will be dealt with in the

next chapter.
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Table 7: Symmetry structure of the 2jm symbol

Type of ICR

Multiplicity of O

in j & {2}

Multiplicity of

0 in j 8 {12}

Frobenius—Schur

invariant
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7.3  The 3jm Symbol

The triple product j; ® jo 8 j3 may be reduced to the
identity Q by a variety of differently ordered 3jm tensors.

However since each tensor must satisfy equation (6.8) we have

« s« MjMom3 = Tro : s+« yMomym3g
(313233) py, T MAZ,37° L (G2d1ds) ry
- rj + + » yIjm3mo
M(1,23) 7 | Giisiz) rs
(7.11)
etcetera with
r « + « yIIMNoN P r

M(12 2 = 10203 o5 .yF2 )
(12,372 = (1d2is) p, G233 % o, (7.12)

etcetera, while the anti-linear equation (6.9) shows that each
permutation matrix M is a real orthogonal matrix. This reality
forms the only difference between the analyses of Derome and
Sharp E23,24] and the corresponding analysis required here, and
since their results are not dependent on M being non-real, we
may quote them without modification. They, and we, distinguish

between three major cases

(a) If none of j;, j, and j3 are equivalent, every M
may be simultaneously diagonalized, with the diagonal
elements arbitrary. Common choices for these elements
are one, so that each transposition causes no sign
changeor(-l)jl * 2 * s for transpositions, as

in SU(2).



(v) If exactly two are equivalent, then every

transposition may be diagonalized to

and every cyclic permutation equals the identity
(c) If j1 = j» = j3, every M may be diagonalized iff

{ (Xj(u))3 du = J Xj(ua) du (7.13)
H H

As with the 2jm symbol, we may also establish the
3jm transformation properties in terms of those of the
linear subgroup H. Consider for example case (c) with
all three j's equivalent. The matrices M now generate
a representation of S3 with IRs {3}, {21}, {13},

The characters of typical elements are

_ r _ ...yN10ON3 s eenT1
oy (D) MO = (G35 p 3D ons

|_<2?—| f (x; ()2 du
H

- 2 2
XM(12’3) TET i (xj(u)) xj(u) du

7~
-t
N
w
~
|
|

J Xj(u3) du
H

where M(123) is a cyclic permutation of the three j's.



The multiplicities of the IRs of S3 are then given by

i 1 3
I E) R J @)+ 3y + x@du (7.16)
H

i - 2 3 _ 3

Ty g, J O ()2 = x; (u))du (7.15)
' H

and
i = _1_. 3 - 2 3 16
o3y 3'G| J (Xj(u)) 3Xj(u )xj(u) + 2Xj(u ))du (7.16)

If j is of type (a) then these multiplicities equal those

k

representations generated by j and k respectively,

of the linear subgroup H, and writing Tj and T, for the

Fj = Fk (7.17)
If j is of type (b), then xj(u) = 2Xk(u) from which
h] : k k
Mgy T G Mgy *oZming (7.18)
h _ k k k
m (21} 2 m (3} + 6nm (21} + 2m (13} (7.19)

k

4 m {13} (7.20)

3 _ k
my33 T 2 W oy
or

r. = (4 {3} &2 {21}) 8T (7.21)
] k

From equation (7.19) the multiplicity of the mixed symmetry term
must be non-zero and hence it is impossible to transform the
3jm tensor to a form in which the rows merely change sign under

permutations. The best that can be achieved is that M takes

the form
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{3}
(3} | o
M{21}
"'M{zl}
ui1%

'M{13}

J

where

3 3
ut3 2,3 = wP3 1,23 = P (12,3 = v (1,29 =1

and

w2 a0y = 1 o\, u 1,32 = [-1/2 /322

o -1 | /3/2 1/2

Finally, if j is of type (c¢), restriction to H will give
the IR couplings k 8 k 8 k (with k* 3] k* B k* yielding an
equivalent representation of S3) and k 8 k 8 K (with k* B K gk
yielding an equivalent representation). Setting mk{3} etcetera
as before, and mk{z} to be multiplicity of k in k ® {2},
mk{iz}to be the multiplicity of k in k ® {12}

5 & K
M3y T 2mgy v 2 Wy,

i _ o,k k K
W1} T2 W ogpp t 2 W g2yt 2w (2

i Lk K
" 2miy3y t 2 mog

13y
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Writing Ikkk to be the representation of S3 generated by
k 8 k 8 k, and Ty, * to be the representation of S, generated

*
by k @ k @ k , this is

o= 2{3} 8 L@ 212} 0 L.

here O represents the outer product S 0 S -~ [14].
W P u P uc 0 o Sn+m [' ]
In a similar manner the permutation properties for

j1 = i2 ¥ j3 may be found in terms of those of the linear

subgroup. They are summarized in table 8.
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Table 8:

Symmetry structure Fj of the 3jm tensor (jljljz) in terms
of the symmetry structure of the tensor (klklkz) of the

linear subgroup

i i, is Iy

(a) (a) (a) Fklklkz

(a) (a) (b) T k&,

(a) (a) (c) 2Pk1k1k2

(b) (b) (@ G{2re (12h) 81y

(b) (b) ®  6{2h e 21ZH 8Ty

(b) (b) (¢)  (6{2} ® 2{12}) @ Tk ok,

(c) (c) (a) 2{2} @rklklkze 2{1} o I‘klk’;kz
(c) (c) (b)  4{2} 8 Tk, © “T 0Ty,
(©) (c) (© 22O Ty g O HB T

o 4{1} 01, *
klklkZ
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CHAPTER EIGHT : THE COUPLING COEFFICIENT

8.1 Definition and a Difficulty

At this stage in the development of the Racah algebra it
is appropriate to discuss the coupling coefficient which is the

unitary transformation reducing j; ® j, to a sum of ICRs j3:

. ml . my - <' . o >m1m2 . ms3
3 (w) ny Jo (u) ny f j1io]is ryms jz(w) ng
3
< PERE I.. >r1n3 (8 1)
3132133 nin, .
and
. ml . m2 - ‘. . . m1m2 1‘1
h@T 5@ ; <iiizlis> rmg & 4
3
. m . . 1. _Tom
x J3(a) 3 fig <JlJZlJB> 2 3ﬁ1ﬁ2 (8.2)
The unitarity of the reduction gives the orthogonality
relations
. . 1. _Mpmy . . | _r’m3 S m3 8.3
<31d2133> rmy 192133 mm, -0 v % mg (8.3)
and
. . . m1m2 o s . >rm3 = m1 m2 8.4
; <h2lis rmg <hilalis mj m3 8 mi S m5 (8.4)

ry3

These allow the defining equations to be rewitten as

« . . mqm o m3
<jiizlis> 12 ryms jau) ng

= N ml . m2 o . . nlnz 8.5
Jl(u) n, Jz(u) n, <J132133> rin, ( )
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and

. . . MM . m3
< > .
J1i2133 rim3 j3(a) i

T . m] . m . . | 0NIN2
= §72 a) ! . . < SRRz, . (8.6
- j1@a)™ o d2(a) 2 o j1izlis tong (846

One problem has already been mentioned in connection with
the coupling coefficients, namely that the Clebsch-Gordan

. . 3 . . 2 .
coefficient dj» need not equal the coefficient d13. There is
another however, which is far worse: if there are two

reductions of the product j; 8 j, to jj, the coupling

coefficient tensors need not be related by a unitary trans-

formation in the multiplicity label. This is simply seen by

setting j3 = j1 and jo» = O in these last two equations to give

m;0 m3
>
< ol3>mn 3T
= @™ <joli>° (8.7)
ni - rin3
and
m;0 m3
<3 Q13> rim3 i(a) n
- 3 mj to . .>f110 8.8
j(a) Y $ r <J QIJ fomig (8.8)
<j Q|j> thus commutes with j and for a type (b) ICR is
a real linear combination of
I 0 1l 0 0 I 0 1l

and
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Indeed any of these four matrices form perfectly adequate

coupling coefficients zj Q|j>. Since trivially df% is one and

~

these matrices are not simple multiples of one another, the

result follows.

A notational device will be useful to distinguish between

these different coupling coefficients, and we write

0

<jo | j>m1 (8.9)

(r)my

The label (r) is not a multiplicity label as the multiplicity
is only one but ( and here is the reason for stating Schur's
lemma in the particular form of chapter 3 section 4 ) (r) = 1,

0
ceveey d

e As <joO| j> (t) commutes with j, the general

result follows as

. . . _Mmym . . m,0O
<jiiglisg> 172 <j30]iz>

o, (£)ms (8.10)

and

. . 1. _mm . . .m0
<J1J2IJ3> - r]_mq <339 J3> ! (r')m3

are both coupling coefficient tensors not related by a

-

transformation in the label r; unless r = r”.



8.2

Relation Between the 3jm and Coupling Coefficient Tensors

Despite the fact that dfz and dlg3 are not always equal,
a variety of relations exist between the 3jm and coupling
coefficient tensors. The first is found by by using the

unitary and anti-unitary equations (2.20) and (2.25) in

equations (8.5) and (8.6) to give

Jmp My s03m

<i1i2lis rims 4

- s m . my . 1,
Jl(u) ny Jz(u) n, J3(u) ﬁ“

e e | . nan
x <jidelip™? 6T (8.11)
and
. . |. _mMm mam,
<j1ialis> 12 ryms 3
. m . m . m T
. . 1. NN .0
x <jiiglis> 172 £ofis § 3w (8.12)

* . .
Using the Wigner tensor to replace jj3 by jj, integrating
over H and using equation (6.8) gives for equation (8.11)

o . . mim
<dudalis R

« o » m1m2m5 e o e r2 :
(31303 3) r2(3132:13) nqnpng |, s

. . . D0y njn, 8.13
X <J11o|33> ring § ( )
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Setting
1
ro = . -3 P rs
U [ia]l ? (G1d23s) nynyn, | s .
n
L
. . [. _nINn n.n
x <jiip|jz>"1M2 g, O3 (8.14)
173
simplifies this to
. . . _mm
<j 32|J >12
1 3 r1m3
1
= 12 Ty . so: 2 ymymom
[333 U ry 8, | ™ (Ghdads) " 2s
m
5
(8.15)

The anti-linear equation shows that the rectangular tensor
ut2 . is real. 1If required an orthogonal transformation

1
may be applied to the 3jm multiplicity space to bring this

to the form

: 1
. . . m.m + . 2 .
2 = = 2

(31053125 0 (8.16)

where the normalization of the 3jm and coupling coefficient

tensors has been used to give |U| = 1.

It is clear from this last equation that the coupling
coefficient tensor spans a subspace of the 3jm multiplicity
space and that different tensors of the form (8.10) span

different subspaces,



which may easily be shown to be orthogonal in a sum over all

three m-values. Since the 3jm tensor is complete in the sense

that any other 3jm tensor is related by an orthogonal
transformation, it follows that any coupling coefficient tensor
is an orthogonal combination of tensors of the form (8.10)

.. . MM r,(r)

<iriz|iz>™™
rimg r 1J2 3 1'211)‘+

. . _mO
<J3QIJ3> 4 (r)m3 (8.17)
A relation between the coupling coefficient and partly
conjugated 3jm tensors may be found by not using the Wigner

tensor in proceeding from equations (8.11) and (8.12) to give

l [
. . . m, m. _ A 2 r2 PR mlmzmh
<j1izlig> 12 rimg ba]? v rlﬁm h, (313233) -

3m T2
(8.18)
1 .
. ) o = 072 (2.3 : yF2 nam,
with V r, [33] (313233) nin,n, 8
x <ipip|ig>1"2 (8.19)

ring

The two tensors U and V are related by the tensor A of

equation (6.19) by

Vr2 = AF3 k2 (8.20)
L] r I3
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The second main relation between these two tensors acts
in a complementary sense to equation (8.15) and the remarks
preceeding equation (8.17) by using rather than <jQ|j>, the
tensor <jj|Q>. In equations (6.8) and (6.9), if the triple
product j; R jo, 8 j3 is treated by the intermediate coupling
of j; and j, to jj, then coupled to j3, on integration all ICRs

apart from Q vanish to give

mimom ToY PR . mim
e i I - I TR T RN St

r1 rl r2m|+

(313233

x  <jaizlo>™"s (8.21)
3
with W as the orthogonal tensor
Yorg - PP njnonsg PR . >r2nq
Wt (313233 py <Sadalis ® o
X  <jajsz]0>T39" (8.22)

nun3
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The 1jm and 2jm Symbols Revisited

Let us specialize equation (8.16) by setting j1 = j3 and
jp = 0. For simplicity we also choose the positive sign
although this is not important. Then

o (:.m 0 ) o
<jo 3™ 1my = L31° 8 GopH™Oms

mgy, |
ID.S

There is of course an essential arbitrariness in the coupling
coefficient, but choosing the simplest case when it equals the
identity,

1
(Sml = Djz s ﬁlq G Qj)ml 0 mg

m3 myy, 1

g

But (j Qj) is nothing more than the 2jm symbol, so

mym .1 L. mm
§™™  [m, = [ GH™Tsy

In representation theory this immediately gives the 2jm
symbol if the 1ljm symbol is known or vice-versa. In
corepresentation theory, as the multiplicity of the 2jm symbol
may be greater than one, the complete correspondence is lost.
However, it still exists in a limited sense as an examination
of the symmetries of both symbols shows. For if 82 =1, the
1jm symbol is symmetric under interchange of the m-values and
from table 7 the symmetric IR {2 } also only occurs once in the
2jm symbol, whereas the anti-symmetric IR {12} may occur up

to three times.
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2
Similarly, if 6 = -I, the 1jm symbol is anti-symmetric and {123

only occurs once in the symmetry representation of the 2jm
symbol. Thus there is a one-to-one correspondence between the
1jm symbol and the unique column of the 2jm symbol having the

same symmetry.



CHAPTER NINE : RECOUPLING AND n-j SYMBOLS

9.1 The Recoupling of Three ICRs

The difference between the coupling coefficient tensor and
the 3jm symbol forebodes that a variety of distinct recoupling
and n-j symbols exist, and indeed this turns out to be the case.
The first one we shall deal with is the recoupling of three ICRs
j1» Jp and j3 to j,. Performing this\through the intermediate
couplings of j; 8 j, to ji, and j, ® j3 to jo3 by equation (8.1)

gives respectively

. ml . m2 . m3
31 (w) a 3o (u) o, j3(u) ns

. . ), MM rinj,
z <J132l312> 172 2> i nn,

. m e e |
J12(U) 12 ny, <J1J21]11
Ji2

rimo

PR . m,ym m12m3
L <iiialin> g rom,

J123u

<j zj j
rymo 1 _3 *

. m . . . r.n . . . r2n
x jun <jqiolig> 112 <jqiodsli> 2
n, “J1 2|312 nyn, <712 3] 3y ny,n,

(9.1)

and

. ml . mz . m3
j1 () a 3y (w) n, j3(u) ng

. e . m P . r, m,m.
= 3 <ipiglipg>2T? <iyipg|ig> 4123

. . r.m rqms
J23]s 3723

. m, e . . 1‘3n23 . e . r‘+n5
x  jg(u)s ng <3yi3]dps> n,n, <i1iaslis> nyn,,

(9.2)
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Use of the orthogonality equation (8.4) gives

. 1m, PR . r1n12 A . N 1'2'[1‘_,_
J,(u) <j1doli1e> <J12i3liy>
u n, J1 21312 nyn, J12 3|3y nyons

. . . r1m12 . N . 1'21[11WL P . m2m3
z <J1J21312” <J12313(1y4> <J213|323>
o 1320312 mym, J1233134 mpomy 92331423 ramy s
J23]5
. . . r m1m23 o m . . N r3n23
X <Ji1io3|is> ™ je(u)'s <J2J3|J23>
r,mg 5 ng Nong
.. . r,n
x <J1J23|J5> 475 nqns (9.3)
or
. mq v e . rlnlz . . . rznu_
3y (w) <J132]d12> <J1233|1y>
i n, A1321J12 nyn, J12331Ju ny,n;
n-,n . . . nn
s 3 H 2*3 1*23
X <J213{123> <J1] Jc>
2331323 rany, 11923135 r,n;

. . . m-,m
<J2J3|J23> 273

PR . rm . . . oM
= 1%12 27
<J1J21312> <J1233]|34>

mjmy

. . . _.m.m . m
x <jy1ioz|is> 123 o jg(u) > ns (9.4)

The tensor composed of the four coupling coefficients on

either side of this equation satisfies

jy(w) R = R j5(uw) (9.5)
- * .

and also jy(a) R = R js(a)

and hence is zero unless j, = jg and so we may define

the recoupling coefficient as



. . . . . N . . " . mr
<(3132)312 33 dulii1(Gais)izs ju>"1r2M

rgrqng
_ - . rym P . . I
= <J1J2|112> 1712 mymy <J12J3|JL+> e my 13
« . . Mo m . . . m, m
x  <Jpizlias> 23 <j1izz] > 1728
T3mp3 T, mg

This may be inserted into equation (9.3) and u set equal to
the identity of G to give an alternative definition

Sf1i12 > T20y

<Jil2li12 <j1233lin 0,0,

n)np

. . . P R . . . . riron
= T <(i132)3123334131G23)d0zjy> 120

. rzryn
ios3 3t415

PR . ra3Ny3 o . ryng
X <J2J3|J23> <113 Jy>
233l 323 nyng “J1 23| 3 nyny3

From this immediately follows the orthogonality

property
. 8] i 15
- 3125 313)

rirony

= ¥ <(§132)312333u]31G233) 3233n> raryns

i23

=lrgryng
rirsnj

x  <(3132)i12333u]31G238)32330>
If we were using representation theory, the
commutativity of the recoupling coefficient with j, would
give directly from Schur's lemma that it was diagonally

constant 1n the m—-values.

(9.6)

(9.7)

(9.8)
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But we have seen many times that, unless j, is an ICR

of type (a), non-constant

matrices commute with j,. It is

only necessary to find one suitable example to show that in

general the  recoupling
in the m-values. Such an

grey C, where we’have

coefficient is not diagonally constant

example is almost trivially found in

arx - aiy =
<A E|E> (Dx <AE|E> Dy 1
. (9.9
arx - ay _
<AE|E> (2)x <AE|E> 2y i
and
Xap = yaz -
<EA, |E> = <EAs|E> = 1
2] (Ly 2| (1)x
(9.10)
Xas . vas _ s
<EA, |E> = =<EA,|E> = 1
2| (2yy = "Eel (»x
(Bracketed numbers are used here in conformity with (8.9)
as each coupling coefficient only has multiplicity one)
Then
<(A1E)EA2EIA1(EA2)EE >(1)(1) = -i. 0 (9.11)

as required.

(1)(2)

In the definition of the recoupling coefficient, the

order in the coupling coefficients is extremely important.

For since the coupling coefficient does not generally span

the 3jmmultiplicity space, permuted orders of the j's will

usually give coupling coefficient tensors not related by a

unitary transformation and hence inequivalent recoupling

coefficients.
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As a consequence of this, neither the Biedenharn identity [7%]
nor the Racah back-coupling rule [5] hold. Even if a special
choice of coupling coefficient were made which did possess
permutational symmetry, the non-diagonal form of the recoupling

coefficient would still block the Biedenharn identity.

Using similar methods one can go‘on to develop higher order
recoupling coefficients which also need not be diagonal in the
m-values. This again causes many of the standard results to
fail. For example, unless the coefficient of this section is
diagonal, it is not possible to express the recoupling
coefficient of four ICRs as a product of three recoupling

coefficients of three ICRs.
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9.2

"The Reduction of Four ICRs to O

Since the reduction of three ICRs to Q led to the 3jm
symbol possessing many of the properties holding in representation
theory, it is natural to consider the reduction of four ICRs
to O in searching for a satisfactory 6j symbol. 1In fact we do
not find one, as we shall see. Consider the coupling schemes
j1» J2 3123 12, 33, >0 and j2, i3> 3233 ji, j23, Ju>0.

Then from equations (3.6), (6.1) and (8.1)

2 . m . m . m . m,
T (W™ (u) ™2 (W™ (w) ™ du
o] J i1 n, 20077 37T n,
H
P . my m . P mpom
=.I <iidali1>t? rimy, (J123338) 120
i1p 2
. P r P . rin
x (i233dn) 2 | o <$udalfi> PR
P . mom . s PR 13 11}
=% <i2islixg>?3 romyy (J13233) 102 3T ry
J23
PR . r P . ran
x Gadasdd™ | oo <d2dsldze 70 L0 (9412)

Orthogonality of the coupling coefficient and 3jm tensors

gives

. . N rin s« e« WY
<j1ialige> 112 , (G12333y) 2

nin niponi3ny
} i , i . . 1s \IITo
=z [G12]" (23 5132332
23 ...
J3 Ju v 323 rary
P . r n2 P Y .
x <dadslias> 2 o Gidasdu) - (9.13)
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where

. . . rhr
Jrdz i VR

. . ] .
J3 du | d23 | g

-1 -1
= [12] 2 G2 ? <i1izlii> M2

mimy
. . . I'2 . . . m2m3
x  (J1233iw) <jo] >
1233380 g, <32 3]323 Y3ty 3
. . . \MiMmoaom
x  (J1io3iy) 172 3% r, (9.14)

The anti-linear equations give the tensor as real.

From equation (9.13) we find the orthogonality

property

r,y ¥y .fp To . ..
71 "1 g2 25(312, ii2)

. -, .. . T
= [G1g (23] (3132 312) 7172
J23 . . 1
1
J3 1y 123 rary,
r I" r f' . . . 1’:' l.f
X 63 35“‘L+J1_]2"_]12 1T 2
' (9.15)
. . 1] .
J3 Iy Jo2s 1':3]::”

The Racah back-coupling rule almost holds for this
tensor. If the definition were changed by transposing
the order of j, and j3 in the coupling coefficient <j,j3|iz3>,
then j, would occupy a more symmetric position and no
permutations of the coupling coefficient would be required
to give the result. However the standard ordering has
become so firmly embedded in the literature that it would

be difficult to change it now.
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The n-j Symbols

Two alternative definitions may be given for the 6]
symbol. The first is probably of more relevance to general

corepresentation theory and is

definition one

i1 iz 33
I35 6 rirprgry

. 8 _ . 6 .8 _ . 8 o & .
mjm; — Mpmp - mMgmy - WMy, - WMy Mgy

thy g

b

« ‘e 8 . ﬁ1ﬁ2m3 « s » ﬁ3
(J;JzJ3) ry (33iuis) -

]

. . . \Momy,m . . . (Mjmgm
(Gduig)2meme rs (G1igjs)1TE™S - (9.16)

The second which explicitly uses the Wigner tensor is

definition two

j1 32 i3

Ju Js Js r1r2r3ru

. 6 . 6 . § .8 . 8 .
mlml m2m2 m3m3 mqmu m5m5 MgMg

b
\
N
S

]

. . . mimsm .. . mimimé
(13039 1273 p, Gaduds) TS

ra

]

. . .. Momymg . . . yImcm
(Joiuie) 2% 6r3 (G1igis) 1873 r, (9.17)



These two definitions, equivalent in representation
theory, are related by the non-diagonal A tensor of chapter

six section three:

e .. def,1
J1 J2 33
v I8 36 ) rirprgry,
* -~ »
= A ry A r3 jl j2 j3 def.2 (9.18)

j3  r1 s T3
I35 36 | riryrir,
Due to the completeness of the 3jm tensor, any
permuted 6j symbol is related to either of the above tensors

by a unitary transformation. Thus for example from equation

(9.17)
37 35 e : . : . . .
Jt Jg I3 YorY3T
r1TaT3Ty
méﬁgﬁé

. . . mimim, .. .
X (J1J536) 17576 rl(JeJqu) r,

. . . (MZm;m3 . . . \Sm{m¢

x (igiyiz) 2 ¢ 3r3 (31333)72 %% . (9.19)
The complex conjugates may be removed by equation (6.18),

and since the A tensors square to the identity, they cancel.

Eight of the Wigner tensors cancel in pairs and permutational

symmetry of the 3jm tensor gives
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rirorary

= M(1,32)" . (O 53)3 MG, 62)F2 oM@, 56)°1 N
3 2

1
j132 33 ,
x (9.20)
Ju 35 J6) rirsrses
Similarly

j2 3133

3 3 l*

Js Iy J6 rToT 3Ty

= w12, M3, 54)F2 :, M2, 64) Tk . N 56)73 .
1

i1 d2 33
x: 0 (9.21)
Jy 15 s

rir,rirs
The complex conjugates may be dropped in these as
each ICR is equivalent to its conjugate, and thus all

permuted 6j symbols may be found.

The motivation for the definitions of equations (9.16)
and (9.17) came from trying to find a satisfactory 3jm form
of the tensor (9.14) of the last section. By making the
special choice of 3jm symbols from the coupling coefficient

of equation (8.16) and rewriting the inverse 3jm symbols as

e e e r
( i) L =8 .08 . 8 )
J1d2]12 mympmjp mpymj mpmyp mjomio

mymym
,)mim2mL2

X (§1i20a £



. 6 . 8 .
mimj mamy mppmy2

. . A . . . mimsmy~
iy th )2 (J1izd12) 172712 -
x mj m3 myp

by equations (2.20) and (6.20), we find

.. . rr r1r] IoTs £. . .
J1 12 ji1o) 172 =6116223132312

-y

ERUEREL] B I3 34 J34) persrar,

Of course, this only holds for a particular set of 3jm

tensors.

A similar relation may be found for the trace of the

recoupling coefficient.
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" Comments

Three coefficients have been introduced in this chapter
to replace the essentially unique recoupling or 6j symbol of
representation theory, and none of them possess anything like
the full range of properties found in representation theory.
This 1is obviously very unéatisfactory and the reasons for these
breakdowns lie iﬁ three places: 1in general (a) the recoupling
coefficient is not diagonally constant; (b) it is not possible
to permute the order of coupling in the coupling coefficient
(c) the 3jm tensor need not possess orthogonality properties in
a sum over only two m—values. It thus becomes an important
problem to see if coefficients can be found which do possess
the three required properties. This is a non—trivial problem
of choice-basically in the coupling coefficient,and is at present

unsolved for the general case.
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CHAPTER TEN : THE COUPLING OF BASIS VECTORS

The Coupling of Three Basis Vectors to Q

In the previous chapters attention has been mainly
directed to the ICR matrices and various products of these
matrices. In applications of group theory to quantum mechanics
it is not so much these matrices which are of interest, but
the basis vectors carrying the ICRs. We may expect that the
differences between the coupling of two ICRs to a third, and
of three ICRs to 0 will also be reflected in the coupling of
basis vectors. Because of this we commence with the coupling

of three to O rather than of two to a third.

It is trivial to verify that if

{el (m P L (3], {e? (my 0T IR EPY D
and

{e3 (m) tm=1,...0..., [J3:l}

form bases for j;, j, and j; respectively, then

{el (m,) e2 (my) e3 (mg) : my, my, mgy =1, 2,...} (10.1)

form a basis for the direct product j;, 8 j, 8 j3.
Suppose there exists a linear combination of these which
forms a basis for ¢ so that

nynong

u (a 0 @ ¢y ¢ ()

m)mom3 1 2 3 10.2
a 0% (m) % (m) ¢ (my) (10.2)



and

(anlnzng 1 2

3
G © () & (nz)’

a

He]

0 mimpmz 1 2 3
2 of (m) & (m) ¢ (my) (10.3)

~

1O

By using the linearity of u in the left-hand side of

equation (10.2)

mjmpm3 1 2 3
a 0% m) ¢ (@) ¢ (my)

an 11'121'13

1 2 3
o u (e (ny) € (ny) © (n3))

~

ninon . m7j . m5 . m3
a 17273 §1(u) lnl jo(u)™2 o, jau) 3n3

Y
1 e2 . e3 10.4
x ¢ @ @ @p 0
As this is independent of u, it may be integrated over H
and equation (6.8) used to give
mympmy 1 2 e3
a 0 (mp) & (mp) ° (my)
n)nong . . . yIMimsm3 A o
a 0 (313233) . (G1d2339) nyn,ns
1 e2 ., e3 10.5
x ¢ @) @) ¢ @y 10
But as the basis vectors are orthogonal,
mymom r . . . Mjmom
ST1m2m3 0 = B 0 (31303312 3r (10.6)
. r - njinong o s T 10.7
with B 9 a 0 (31i233) ninyms ( )

B is real from the anti-linear equation.
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mimpms3

It is trivial that a * o may be taken as any column

-~

of a 3jm tensor giving these results:

(a)

(b)

. . s aMIMom
(G1i2ds) 17273 . el (my) e? (mp) e3 (m3) (10.8)

forms a basis vector for O

m1m2m3

If a is a basis

1 2 3
0% (m) & (m) & (my)

~

vector for 0, a is a real linear combination

of columns of the 3jm tensor (ji1joj3)
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10.2  The Coupling of Two Basis Vectors to a Third

It is elementary to verify that if we have bases for

j1 and j2 as in the last section, then

Co PR . mmpmp 1 2
= < > e 10.9
r(m3) J1J2|J3 rm3 e (mp) (my) ( )
is a basis vector for j3. This can be inverted to give
1 2 - ) o - .  rm3 3
e = [ < > 10.10
(ml) e (mZ) i3 J’IJZIJ3 e r(m3~.) ( )

However, not every linear combination forming a basis
for j3 can be put into the form of equation (10.9). To

establish a completeness condition, consider

Mimz

3 = 1 2
e = e e 10.11
m) T T m® @) ® (m) (10-11)
Then
8. = e3 e3 = gM1™ el e2 . e3 .,
3 mg (a 5) (m3) m3 - (mp) (mp) (m3)
© = g3 W3 mmy g 2 03 . g
or a m3 ¢ (m) & (my) (my) "ty
fim2 mahy o1 e2 ed . 10.12
T m 8T @ ¢ ) ¢ ) (10.12)
But 1 is a basis for O and hence from the last section,
mjymy m3ﬁ14 = r o e e mlmzﬁm ;
a ms S B 0 (313233) . (10.13)
Using the relation (6.17) between the partly conjugated
and unconjugated 3jm symbols, we find
mymy = r . PP mimymsg 10.14
a ms Co 8 mym, | B (313233 . ( )

5
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Not only does this give the desired completeness, but as B
can be chosen to pick out any column of a 3jm symbol, and the
tensor A of equation (6.17) is unitary over the whole of the

3jm multiplicity space, we have that

3 _ . ¢« » yMimomg 1 2
e = § .
r(m3) m3my Eﬂu ] (i13233) re @p ()
ms

(10.15)
is a basis vector of j3 for any column of a 3jm tensor.
It is not a very good basis vector as it need not be orthogonal

to e?

r(m3) when m3 # mj from the non-orthogonality of the 3jm
3
tensor in a sum over only two m values. For this reason we

shall not use it in later chapters.
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.CHAPTER ELEVEN : THE WIGNER-ECKART THEOREM

The Wigner—Eckart theorem

In any calculations involving operators acting on a
system the Wigner-Eckart theorem [9,1@], which separates out
the symmetry properties of tﬁe matrix elements from the non-
symmetry properties, gives great simplifications. In
representaéion theory it can be formulated in terms of the
coupling coefficient tensor or tﬁe equivalent 3jm tensor.
Aviran and Zak [?2] have demonstrated the theorem for
corepresentations, but in doing so used the coupling coefficient
with its essential incompleteness. We give a proof similar to
theirs but which instead uses the more satisfactory 3jm symbol.

It is based on the method of Koster [?4] for linear groups.

Firstly we define an irreducible tensor operator T(kq)

to be a tensor which satisfies

]

u T(kqp) u * Kk(u) 92 g, Tka2) (11.1)

and

a T(kqy) a + = k(a)¥2 g, Tkaz) (11.2)

where k is an ICR of G. A general matrix element in a

symmetry adapted system may be taken as

<jmy | T(kqy) | jomy>

where |j1m1> and |j,m,> are basis vectors for the ICRs j;
and j, respectively. In the notation of chapter two this

may be written as



. ] -
<jm|TCap|3,my> = el ) Tkap) eJZ(mz) (11.3)

The matrix element being a scalar, is invariant under

any unitary operator of the group and hence

<j1m1, T(kql)ljzmz> = <u jlmllu T(kql)u—l luj2mz>

. 0 01 q . n N
31 (u) . e(ﬁl) k(u) qu T(kq,) j2 (u) 2m2 e z(nz)

. fll q . t12 . .
jp(u. k(u) 2 j2 (u) <jiny| T(kap) | jony>
1\We q, m, J d2/13202
(11.4)
Similarly as an anti-unitary operator transforms the matrix

element to its complex conjugate,
<jymy|T(kay) | jomy>

— . nl q'-2 . ﬁz . . *
= a). k(a (a) <jiny | T(k n,>
31 ( )ml' (a) ai i) m, 1 1| T(kqp) | jomz

(11.5)

" As both of these équations are independent of the
particular choice of group elements, we can integrate over
H and G-H respectively and divide by the order H. Using

the transposition tensors as in equation (2.9) gives

<jymy|TCkay) [ mp>

= 2

n Ih . fl q2 . n2
s .1 8.3 u) 3. k(u) (u)
] J i 10 g ay 2 mp
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2 J n, a3 ., , .n 4 ., \f
= = | & "1s (a)"3 . k(a)d2 a)"2
ng ‘g I3 g ( a; j2(a) n,

*
X <j 1n1|T(kq2) |j2n2> da (11.7)

At this point we paft company with Aviran and Zak.

For they reduce the triple product by using a coupling
coefficient — a path strewn with problems. It should be
reduced by the 3jm symbol which is the path we take. To
*

avoid a partly conjugated 3jm symbol we also replace j;

by j; using the Wigner tensor, to give for equation (11.6)

<j1m1]T(kq1)|j2m2>

n, m . . .\, q,n
= s .lg,3 i m Gk j,)ud2l2
i3 ‘m, 3 n . J1K J2 r
ny mj3
r
X 11 k j <jn1|T(kqgy) |jon (11.8)
(31 k 32) m,aqm, 1 1] T(kay) [3onp>
Defining the reduced matrix element to be
. . n, . . . \Nygon
<ip|{TCR) [|ip> ; -8 ‘; g (Gp k )92 2r
oy
gives
<jmy | TCkay) | pmy>
= ¥ fm, Gy k 37 <Gl [, (11.10)
| ™, q1my r

mg

A similar analysis applied to equation (11.7) shows that the

reduced matrix element is real.
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" Coupled Tensor Operators

Tﬁe tensor calculus does not stop at this point: products
of tensor operators acting on coupled basis vectors are
frequently used (as for example the spin-orbit in L-S coupled
functions). The case we consider here is for matrix elements
of

<(33i)3my | (TU) X (kq)|(isig)iomo> (11.11)

where T acts only between j3 and js, and U between j, and

jg- In representation theory the reduced matrix element

<j1[|x(k)[|j2> may be

given in terms of <j3||T(k1)!|j5> and <j4[|U(k2)||j6>by a
9j symbol but from the last chapter there will be a variety

of such symbols here, and we establish exactly which one it is.

It is extremely unlikely that a purposeful choice would
be made to give non-orthogonal basis vectors of j,, j, and X.
Hence we perform the couplings by equation (10.9) rather than

(10.15) to give

<(iziylr; jlmll(TU)r3 X (RQ)I(jsje)ré Jomp>

e s g fhath q19 . . . _Mem,
= <J3Ju|11>f1 Ik kg [k>™1 2r3q <isisliz>"® 6r2m2

% <j3m3|T(k1ql)[j2m2> <qu“|U(k2q2)|j6mG> (11.12)

All matrix elements may be evaluated by the Wigner-Eckart

theorem to give
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<(J3dy) Ty dg ]| (TO r3X(k) | | (J'sJ'e)l”zJ'2>rL+

= Ejl:‘% [3'2]% D‘]% i3y T5T6

1
)
1
1
1
1

is s

x <j3|[TCky)]] Js>r, <Jul UGy | 36 ¢,

with
. . T
ST T B B
L
kl k2 ' k
|
. v,
Js Je& « 12

fl Yorary

-1

-1 -1 N1t
= 0J7° 0,07 L1177 <J'33'L+|J'1>rlm3mq

. . . m
<J5J6|J2> S

X <k1k2|k>q1q2r -
242

34

X § . . . m8qm2
m7 mz (Jlk'Jz) Ty

mg

Rather laboriously this may be shown to be a

special case of a 9j symbol.

fl Yor3r,

(11.13)

(11.14)
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Important special cases of equation (11.13) are when one
of ky, ko or k is the identity ICR Q. In representation theory
any of these reduce the 9j symbol to a 6j symbol. However there
are sums over the 3jm multiplicity labels re and rg in the
equation, and over T, in expanding equation (11.11) directly and

so the symbol here will not collapse down to a 6j symbol.
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12.1

CHAPTER TWELVE : RACAH'S LEMMA

The 3jm Symbol

Racah's lemma [4] has proved to be a fundamental result
for any application of the descent in symmetry technique.
Briefly; for IRs it relates the 3jm symbols of a group G to
the 3jm symbols of a subgroup K by a factor or unitary trans-—
formation independent of the m values. To use the descent in
symmetry technique in grey groups we shall find the lemma of
equal importance. However, as the proofs we have sighted for
linear groups directly use Schur's lemma [%, 53], and Schur's
lemma only holds in a restricted sense for grey groups, we
offer a proof based on the orthogonality relations. We may
distinguish between two different types of subgroup of a grey
group and the lemma will assume a different form for each.
These are: a grey subg}oup, consisting of both linear and ani-
linear operators, and a subgroup consisting of linear operators

only.

We consider first a grey subgroup K of grey G. We label
the ICRS of G by j as usual, and of K by k. Upon restriction to
K, each ICR of G may be reduced to a direct sum of ICRs of K
by some unitary transformation. Applying the inverse
transformation to the ICRs of G, we obtain 'symmetry adapted'
ICRS of G - that is, on restriction to K the matrices are

already in block diagonal form:
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f 3
k(u) 0

k'(u)

j) = (12.1)

0
- .

and similarly for the anti-linear operators. We reduce the

triple product in G by equation (6.6):

. . . \Imom
(J1i233) 1273

C . m1 . m2 . m3
r j1(u) ny jo (u) a, j3(u) ns

x Gi2d™™, 0 az2.2)

If we restrict mj, my, m3g I:k]],[kﬂ, [k3:] respectively, then
j1 (), jo(u) and j3(u) are zero for n;, ny, nz> E{D,E{ﬂ, [k;ﬂ

respectively, and for ueH' the linear subgroup of X

o e e m1m2m3 - ml . m2 . m3
(313233 ry ky (u) nlkz(U) n2k3(u) ns

)n1n2n3

x (313233 1

As this is independent of u, it may be integrated over H' and
divided by the volume of H'. Equation (6.8) may then be used
to give

e o m1m2m3 - m1m2m3 r2
(313233) r (kqkok3) rz(k1k2k3) nynons

. . . \0yNoN

x (Gaiie) 1270, (12.3)
Defining the isoscalar by
r2

= r2
(kikoks) %

r

i1 d2 i3 n
« o . 1n2n3 (12.4)
NSEREREY -

kq ko ks nan

’

gives Racah's lemma for the 3jm symbols as
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e e s mimom . e . r mimom
(G1i233) 12 3r1. = 313233\ 2 (kikgkg) 172 3r2 (12.5)

kikoks

If K is a grey subgroup, there are anti-linear forms
of these four equations, and as might be expected these give
the isoscalar as real. On the other hand if K is a linear
subgroup there are no anti-linear equations and hence no
reality condition. This is perfectly reasonable as there is
a free choice of phase for the 3jm symbol of a linear group

whereas there is not in a grey group.



12.2 = The Coupling Coefficient

It is a characteristic of the methods of this thesis,
that in formulae involving the 3jm symbol the integral
equations (6.8) and (6.9) are used. With the coupling
coefficient no such equations exist and derivations usually
end up with invoking Schur's lemma. Such is the case here.

As in the last section we suppose jj, jo and j3 to be
symmetry adapted to the subgroup K and then use equation (8.5)
<iyda] 3™

. m3 S my . my
rymg Jg(u) ny J1(U) n 3o (u) ny

. . (. DD
X <J1J2|J3> 1 2r1n3 (12.6)

Restricting my, my, n3< [k]] R [kﬂ, Ek3] respectively

and ueg H',

T L m3 = m m
<irdalis> rymy kg (u) N ky (w) ny ko (u) n,

o . . niny
x  <iyialis> rqng
Expanding the product k; 8 k,

o . . mym m3

rznq

m,m m
= v <k.k, |k, > 12 ky(u) % <kqk,|ky>
Z < 2 |k rom, < n, K1 2 |k aym,

L

. . . _Dn
x <ji1in]is> t 2r1n3 (12.7)

or

T,m . . . _mm m
<kiky|ky> 27 <j1iz i b 2r1m3 k3 (u) 3n

mymy 3

= m,+ k k k rznl_} ¢ . >n1n2 12.8
ky, (u) n, ¥1 2 |[ky> aqn, <iq13zlis r1n3( )
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If K is a grey group a similar equation holds for the anti-
linear operators. Thus k, must equal k3 and the product of
the two coupling coefficients commutes with k3. We may then

- write

rim P . _Mmym
<kpky|kp> 1T mym, <irizlis>™t 2r1m3

: . . . r
= <k *+ pkpligka>T2™ rqms (12.9)

for a coupling coefficient isoscalar <j kg + joko|isks>.

Substituting this back into equation (12.7),

PR « m1m2 k m3 _ m1m2 m|+
< > , = <k1ko |k k
j1i2lis r1m3’3(u) ng - K1 2| k3> r,m, 3w

. . . Ton
x  <ji1ky *+ jokp|isks> 2 %ring

mqm . . . r,m m
= <kjky|ks> 172 ky + joko|jgkg> 2 ko(u)3
<kjkp|kj rom, J1°1 712 2|3sks> rqm3 3(w) ng
by commutativity. This gives for the lemma
< ja> 12 = <jiky + joko|jqka> 2™k
J132133 rym; Jiky + Joko|dgks rqmg

rzmu

This is not quite as simple as the 3jm form, and it is

easy to see why. For <j1j2|i3>:on1y spans a subspace of
the 3jm multiplicity space and ‘<k1k2[k3> similarly only
spans a subspace of the 3km multiplicity space. A coupling
coefficient is needed to map this second subspace into the

first.
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If K is a linear subgroup of G, then Schur's lemma applied
to equation (12.8) shows that there is no m dependence in the

isoscalar.
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Properties of the Isoscalars

The orthogonality p;operties of the 3jm and coupling
coefficient tensors may be used to give orthogonality
properties for the isoscalars. Before dealing with these,
we comment that equations (12.5) and 12.10) only hold for
mj, Mp, m3 s[kﬂ . I:kzj, [kﬂ respectively. From equation
(12.1) though, it follows that this restriction is only one

of simplicity, and that similar relations hold for other m

values. For example, if j; = k; & k% @......as by equation
(12.1),

mjmp

e e e m1+[k]]m2m3 _
(313233 r romg

. . . r -
. i1 32 i3\ 2 <k ky | k3>

ki ko kg f

for m;, my, m3y< Ek’ﬂ, [k2:|’ [:k;:[ respectively., A sum over
the m values for the tensors in G will necessarily invoke

a sum over the ICRs or IRs k contained in j. It may happen
that an ICR or IR k may be contained more than once in j, in
which case it will be necessary to attach multiplicity

labels to k also.

From these preliminaries it is straightforward to

find the orthogonality relations which are

r . . . o .
S. = 2 ji J2 13 25

Z . e
]’.'3 ry k1k2k3 J1 32 313

a BY¥ |oky Bky¥ksg r a'ky B'ky ¥'ks t (12.11)

G'B'X'
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, _ I . . . Tromyp
8. S. = <jjoky + k k3>
m3 my r3 ry; kiky Jroky + 2B 21333 3 T my
aBa'B'
- ot | tomy
x <ja'ky + joB k2IJ3Xk3>f3ﬁ3 £, 5 Sy mp (12.12)

The 3jm isoscalar has permutation properties derived
from those of the 3jm symbols. Thus if M(12,3) and N(12,3)

give transpositions for the 3jm and 3km symbols respectively,

s s s -1 r < s r
Jdz 3o = M2, NTA2,372, [ 51 5s) (12.13)

ky kg ksf kp ky ks f o)
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CHAPTER THIRTEEN : TRANSFORMATIONS UNDER A CHANGE OF BASIS

The 3jm Symbol

Transformation properties under a change of basis are
always of importance, especially when symmetry adaptation to
different subgroup chains is used. Here, as in the rest of
this thesis, we find some coefficients possessing the same
properties as those in representation theory, while others
show some interesting divergences. The most straightforward

is the 3jm symbol.

Let P be a unitary change of basis matrix. Then as in

equations (2.17) and (2.22) an ICR j transforms according to

., oyt m' ., \m _n
NAC) R LA NCO RS S (13.1)

and
' .

m' ., \m n
P j(a) AT 4 (13.2)

. m'
J(a) ﬁ!'

with the primes labelling the realization of j in the
new basis. Substitution into equation (6.8) yields

immediately

. . . yMimym3, RS &
(313233) o (G1d2ie) n{ngn;

m3 m, m3 . . . (Imjm,om
= P 1 P 2 P 3 (J joj ) 112183
1my o mpy 3 Mmp 15273 T
. . . N\T n n n
x  (31i233) 1 .92  P3

ninpny 1 nj 2 ny 3 nj3
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or

. . . y'm'm
(J1i233) 12

w -
I
=
+d
- B
—
J
N
J
w

s+« yIymom3
, (1d2ds) r

(13.3)

| D \
. r . . . \T n n n . . .. n'nn
with E = 1, 2 _p3 17273

' (313233) ninpng C1 nf T2 nj T3 nh (313233) r

(13.4)

as an orthogonal tensor.

A special case of this occurs when each Pi is an element

of the commutator algebra of j :

1 ]
« o m.mm
(J1i233) 12

1 [ (]
_ r . . .m0 . . .m0
e = B <103 1T <5p00p>72

my

) . m30 . . . yIym,m
X <J3Q'J3> 3 mg (313233) 172 3r

m! n

1
. . m . m, .
Since now Jl(u) ln,= S lmu jp () unq 8 un{ etc., this reads

. . . Iy Mem r . . .m0 . . m:0
Grigda) ™ ® 00 = Eopy <037 <320[32>7

T my

. .m0 . s . \IyMyMg 13.5
X <J39{J3> my (313233) r ( )
showing that E cannot be taken as simultaneously diaganal

for all transformations and hence is a general rank two

orthogonal tensor.
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13.2 ° The Coupling Coefficient

Applying these same transformations to the coupling

coefficient equation (8.1) gives
. m! . m!
Jiw) 1, da(w)2
) %

1

.« 7. m'm! . m! . . 1. _r'n!
T <ii1io]is t 2 g j3(u) 3nn <J1d2133> 3 _ 4t
] 3

is 3 "

(13.6)

m) . . . Mqm m . m'
= P p2 1m2 n L
z 1" m 2 m <irdz|iw> rm, Py m) Ju(u) n}

r

n . . (. TN n n,
X P,k n, <i1doldu> unlnz Pllni Pz‘-né (13.7)

Orthogonality of the P and of the coupling coefficients

may be used to turn this and the corresponding anti-linear
equation into an intertwining relation between j; and j,,

from which

| 1 L |
m m m . . s MM .+ . _T'm
P! P,2 PRt 172 3
1"m; "2m, 3m <J1l2113> rm, <i1iz|is> mim,

(13.8)

1
rmy,

This may be inserted back into these equations to yield

.. 1. mim!
<31dalis> 12

r m3
rm, m) m) m . . . _Mmym
= b 1 2 3 1%2
F r'm} Py my P2 m, P3 m} <i1iz|is> rmy
(13.9)
with

\ 1 1

rm e s . rmjy mq mo my, P . JMmy
Fu =< > P P < P < >
s o= <dudalis U Py oy T3y j1i2l3s

(13.10)
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CHAPTER FOURTEEN : SPECIAL n-jm SYMBOLS

Introduction

At many stages in this thesis it has proved useful to
consider the relation between G and its linear subgroup H.
Thus, ICRs are constructed in a definite manner from the IRs
of H, and the permutational properties of a 3jm tensor in G
are determined by those of the 3jm tensors in H. Thus it would
appear highly likely that all n—jm tensors in G can be found
from those in H - indeed this has already been done for the
1jm symbol in chapter three. It should be evident from the
two defining equations

(13237

@™ Ga(w™ ja(uw)™3
(mymy 91 ny 92 n, 39 n3

- e e e rl
SEREE KD
and

e e . ]’.'1 s ml N my . m3
(313233) mympms j1(8) iy j2(8) i, i3(0) A

that such constructions will be heavily dependent both on
the types of ICRs occurring and on the matrix realizations
of 6. In order to simplify the following material we firstly
drop the tensor notation and replace it with a simpler matrix
notation and secondly choose basis vectors in H in order that
6 assumes a simple form. This does not cause any loss of
generality for transformations to other bases may be made by

equation (13.3).



14.2

110

THE 1jm SYMBOL

The 1jm symbol is defined to be the matrix which
transforms an ICR to its complex conjugate. It was shown in
chapter five that although this matrix is not mnecessarily

unique, the time reversal operator may always be used:

Sy = 3(8) 3 57 and j(a) = jCo) j(a* j(&)7**

Thus the problem reduces to finding a matrix form of j(6). Some
discussion earlier was given to block diagonalizing j(6) but
for our purpose here this is not particularly useful. It is
better to find the 1jm symbol in H and extend it to G. This
may be done explicitly for IRs of the first and second kinds

by a suitable standardization of the IR matrices.

An IR of the first kind is equivalent to its conjugate

and also to a real representation. Choose this real form:

k(u) = k(u)*

An irreducible representation of the second kind is equivalent
to its conjugate but not to a.real representation. A suitable

form is

ky(u)  ky(u)
k(u) = (14.1)
* % ,
—ky (u) ky(u)
with '
0 -I 0 I
k() = k(u) (14.2)
I 0 -1 0

This may be obtained from the form given by Wybourne [75] by

a permutation of the basis vectors. ¢



No standardization need be made for an IR of the third
*
kind, apart from the obvious one that the matrices of k are

the complex conjugates of thase of k.

Combining these with the results of chapter three yields

the following for the various types of ICR:

type (A) j) = k(u) and j(8) =1
.
w o 030
type (B) i) = and j(8) = |5 1 o o
0 k(u I 0 0 0
k() O (0 1
type (C) j(u) = %« and (@) =
0 k(u) \I 0
v 0 I
type (D) j(u) = k(u) and j(6) = |
-I 0
k(u) O 0 ﬂ
type (E) ja) = and j(p) =
0 k(u) -I 0
J
k(u) O 0 -1
type (F) j(u) = % and j(8) =
0 k(u) I 0,

in which the 1jm symbol is given explicitly. The 1j symmetry

¢j upon interchange of the m values in trivially found from this.
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14.3 THE 2jm SYMBOL

Using the conventions of the previous section the 2jm

symbol may easily be constructed by use of equation (8.16)
. N\ T - i d . . _Tmy,
(J Q J) m10 my [J:[ § m;_,xb3 ™3 <J Q ’ 1> m10
mo

where ol = j(e)—] and the coupling coefficients are given

in section 3.4. Whereas in representation theory there is essentially
only one coupling coefficient, in corepresentétion theory there
may be up to four. Each row of the 2jm symbol may be found
separately and after checking orthogonality between rows the
complete symbol may be found. It turns out to be already in
symmetrized form.
type (&) <5 Q|i> = T and j(e) ' =T
Now <j O] j> is a [j] by Ei] matrix, as is j(e)-l, whereas (j 0 j)
is one by [jjz. The § term 'smears' the product on the right as
we illustrate by the case [j] = 2. We have

1 - n
. . = 2 . . Ly i °
G031 141 2% <joli> 109 m,dy | 3

The only non-vanishing term is when m =m =1 so

DO

(G303 ;57 = 2
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‘Similarly
GO ,5 = G Qi) 19 =0
and
GOP , = 27
=1
Thus (G Q1) _ . = 2 2 (1o01) mOm
The general case when [}]; =n follows similarly as
~1
G o1 mlobm2 - [JJ * (El Ez ""En) mlOm2 (14.9)

where Ei is an elementary row vector with n columns and one in

the ith position and zeroes elsewhere

I 0 0 O =21 0 0 O
. o100 0 -1 0 ©
type (B) <1 913> 0o oI of, o o0 ZI o],

0 0 0 I o 0 0 <I
0O 0 -4I O 0 0 -I O
0 0 0 -1 . 0 0 0 -I

-1 0 0 o |° I 0 0 O

0o -1 © 0 6 I O

[0 0 0o I

L1 0o 0 -I
and  3(0) - lo 31 0 o
1 0 0 O

where the coupling coefficients drawn from section 3.4 have had
their block size adjusted to conform to the block size of j(e)_l.
A similar construction as the last applied to each of the four
coupling coefficients gives the four rows of the 2jm symbol

which may be combined as



i01 102 103 104 201 202 203 204 301 302 303 304 401 402 403 404

(
0 -E (0] 0 E 0 0 (0] 0 0 0 -E 0 0 E 0W
4 |0 ZE- 0 0 -7E 0 0 0 0 0 0 ~7E 0 0 iE 0
4 2
1
0 0 0] -7E 0] (0] 1E 0 0 -1E 0 0 <E 0 0 0
0 0 0 E 0 0 -E 0 0 -E 0 0 E 0 0 0
- <
m; Om,
(14.10)
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with E as the row vector (Ej, E2....En1. The block structure of the
mvalues is shown along the top from which it is found that the first

three rows possess {12} symmetry and the last {2} symmetry as required,

I 0 -11 0]
type (C) <joli> = or
I I 0 11
and
0 I
. -1
je) =
I (0]
to give
101 102 201 202
. I\T =14 . r
0 = - ~7E 'E 0
Gon m; Om, [J] 8 E /LE 0 (14.11)
m, Om,
with the first row anti-symmetric and the second symmetric.
I 0 - o -I
type (D) <jQli> = and j(8) ~ =
0] I I 0
giving one anti-symmetric row
A 101 102 201 202
: o=l
. . 1 = . 3 - 1
Gaen m; Om, [J] o B E © )m10m2
(14.12)
I 0| |-tI (0] 0 -1 0 -1
type (E) <j 03> = s 1, or
0 I 0 11 -1 0 I 0
o -1]

and j(p) ' = J
I 0
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yielding
101 102 201 202
1% r
(G oF = 2 0 -E E 0
3997 0m, = Ul 0 4 4E 0 (14.13)
-1E 0 0 1E
E 0 0 E
m; Om,
The first row is anti-symmetric and the other three symmetric
I O) -1 0
type (F) <j 013> =
0 I 0 71
from which
101 102 201 202
. | r
Gont = [ 0 -iE  -iE 0 14.14
my O mp 0 E -E 0 ( )
- mp Om,

where the first row is symmetric and the second anti-symmetric.
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THE 3jm SYMBOL

For the 2jm symbols we were able to explicity find the
symbols using the standardizations of the IRs and the time
reversal operator, but now we have a far more messy problem in
that there are a large number (twenty six) types of 3jm symbol.
Further, whilst a general unitary transformation in the
multiplicity label may be applied to tﬁe 3jm symbols of the
linear subgroup, only orthogonal transformations are allowed
in the grey group because of the anti-linear operators. This
means that only a fairly restricted set of 3jm symbols of the
linear subgroup may be used in construction of those of the
grey group. In this section we give a number of examples to
illustrate these restrictions and to show how under these the
3jm symbols may be constructed. As in the last section, the

standardized ICRs of section 2 are used.

‘example 1 j1» Jp and j3 all of type (A)

This is the simplest case, for j(6) = I and on descent
to the linear subgroup H there is no branching. Suppose P
reduces the triple product in G:

*
PTPQOOQQO

i1 8 3, 8 j3(u)

and

XT _*
P T PO ....

jl B jz B jg(a)

or more conveniently
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and
M . . *
P(j; 8 jo, 8 j3) (@) =P (14.16)

where the number of rows of P equals the multiplicity of Q in

j1 8 j» 8 j3 and the number of columns is D]:I X DZ:I X I:Jg] From
equation (14.9) since j;(u) = kl(u) etc., P must also reduce k; 8
k, 8 k3 and hence is a 3jm symbol of H. By setting a = 6 in the
second equation we find P = P*. Thus any real 3jm symbol of H is

also a 3jm symbol of G.

example 2 ji1 of type (A), j, and j3 of type (C)
Here
o kpw) O k3 (u)
j1 832 8 33 () = ky(u) 8 £ 2 N
. 0 kz(u) 0 k3(u)
( Y
*
= * (14.17)
0 0 ki, 8 ko 8 ky(u) 0
0 0 0 K 8 ky 8 Ka(u)
\ 1 2 3 u)
and
('oi 0 0 1
. . . 0 0 I 0
518328330 = [0 7 o5 o (14.18)
L‘I (6] 0 0

There are two relevant 3jm symbols of H: P; which reduces ki 8 kj,
* * %
8 kg3 (with P; reducing ki x ky x k3) and Py which reduces k; 8 ks
* * * .
® k3 (with P, reducing ky @ k, 8 k3). From the linear equation a

trial value for P would be



but equation (14.18) mixes the first and last rows and also the second

and third rows, and a little experimentation shows that P may be taken

as
% 7
( Py 0 0 P,
*
p= L 0 P2 Py 0 (14.19)
V2 . "
0 -1Py 1Py 0
A 0 0 'P*
2Pq -1
\ 1. 1)

Note that there are no restrictions on the choice of P; and P, so

this is one of the easiest cases to construct.

example 3 j1 and jo of type (A), j3 of type (B).
we have
kl ] k2 i kg(u) 0
j1® 32 8 j3(u) = (14.20)
0 ki ko, 8 k3(u)
o 1)
and  ji 8 jo & j3(8) = (14.21)
-J 0
J
0 I\
where J = (14.22)
-1 0
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Now the multiplicity of O in k; 8 k, 8 k3 is even BG] and [k J is

even, so the matrix P; which reduces kj 8 k, 8 k3 may be written as

Pl = =
and with the standardization of k3 we also have

) kuku) ks (u)

kl 3] k2 R k3(u) = * %
—kg(u) ky, (u)

It follows that.P; may be taken as

Py Py
Py = * * (14.23)
~Py P
or that
* *
P2J = P3 and P3J = —Pz (14.24)

The reason for this particular choice is as follows: from table

one the multiplicity of j3 in j;&j,is exactly one-half the
multiplicity of k3 in k; 8 k, and the multiplicity of Q in j3 8 jj

is four. Equation (8.21) which gives the 3jm symbol in terms

of the two sets of coupling coefficients implies that we should

look for a 4 x 2 block structure of the 3jm symbol rather than

a 2 x 2 block structure as suggested by equation (14.20) and that
each block row should be made up of P, and P3. As the 3jm symbol
must also reduce equation (14,21)arelation between P,, P3 and J is
required, of the form of equations (14.24) After these preliminaries

it is straightforward to verify that P may be taken as



P, P,

P = yl— P3 P2 (14.25)
2 ’LP2 _Y:P 3
1P3 iPz

This comparative complexity seems to be shared by all
couplings involving an IR of the second kind due to the form of the
matrix which gives equivalence to the conjugate. We conclude this

section with probably the most extreme case:
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example 4 j1 =32 = j3 of type (B)
Here
k®k @k (v 0
jRje] (v = kR k Rk (u (14.26)
0 ‘k 8k 8k (v

as an 8 x 8 block matrix, and

( J@J@P
-JRJRJ
0 -JRJRJ
JaJeJ
jgjej (o) =
-JRJRJ
JRJIRJ
JeJeJ

\\—J@J@J 0 y

(14.27)
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Again the multiplicity of 0 in k # k @ k is even and now [k] <] [K] 2] [k]
is divisible by eight. Thus P which reduces k 8 k 8 k may be written

as

It is straight forward but tedious to verify that, similar to the

last example, we may choose P3 to satisfy

* *
P,(J®8JRJ) =Py and P3(JRJRJ) = -P, (14.28)

If each block row is to be constructed from P, and P3 we shall

need sixteen such rows, with eight block columns. There is an
additional complication, for from section 7.3 Fj = (4{3} @ 2{211H)® Ty
where Pj and r, are the S; symmetries of the 3jm symbols in each
group. Taking these into account and using the permutation matrices
for {21} of Butler [48] or Hamermesh [:76] gives, with the block

labelling at the top and the symmetry structure down the side
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P2
P3A/2
P,/2

1P 3/ 2

o

(@)

112

P,V 6
Pay/ 6
iP,/V6
iP3//6
PoN 3
P3/V/3
0
0
iPo V3
iP3/V3
0

0

121

0
0
0
0
Po/V6
P3//6
iP,//6
iP3//6
-P,/2y/3
-P3/2/3
P,/2
Py/2
-iP5/2/3
~{P3/2/3
1Py/2

iP4/2

122

0
0
0
0
-P3/V6
P,/V6
iP3//6
-iP,/V6
P3/2/3
-P,/2/3
P3/2
-p,/2
-1P3/2/3
iP,/2/3
-7P3/2

iPy/2

211

0
0
0
0
P,//6
P3//6
iP,//6
iP3/V6
-P,/2V3
-P3/2/3
~P,/2
-P,]2
-iP,/2Y3
-1P3/2/3
-1Py/2

‘in/Z

212

0

0

0

0
-P3/V6
P,/V6
iP3/V/6
-iP,//6
P3/2/3
-P,/2Y3

=P3/2

-P,/2
-1P3/2/3
iP5 /2/3

1P3/2

-1P,/2

221

-Py/V6
P,/V6
iP3// 6
-iP,//6
-P3//3

P,//3

iP3/Y3

-iP, V3

222

Pyl 2
-,/ 2
=3P 4/ 2

iP2//2

e

(21} @ T

{318

{31gr

{318r

{3ter

321} @ rk

k

DY

(14.29)
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These methods have been used to deal with all types of 3jm
symbols, and the results are presented in the appendix. Permutational
symmetry when two or more of j;, j, and j3 are equal has been ignored,

but this is easily found.
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CHAPTER FIFTEEN : CONCLUSION

We have seen in the.preceding chapters the changes and

modifications required to construct the Racah algebra for an arbitrary

grey compact group. Some of the results found are stronger than the

corresponding results for linear groups but some, lamentably, are

very much weaker. To summarize briefly:

(a)

(b)

(c)

(d)

By considering the reduction of the triple product to the
identity ICR, a perfectly satisfactory 3jm symbol may be
found. This symbol possesses permutation and completeness

properties as in linear groups.

The Wigner—-Eckart theorem holds for these groups and uses
the 3jm symbol. This allows the powerful methods of tensor

operators to be used freely.

Racah's lemma for the 3jm symbols holds just as for linear
groups. Combining this with the Wigner-Eckart theorem
means that operators classified under one group can be
used to find matrix elements of a subgroup. Again the
methods used in linear groups can be equally used in

grey groups.

On the other hand, the reduction of two ICRs to a third
gives rise to some annoying problems. The weak form of
Schur's lemma causes incompleteness, non—uniqueness and

some orthogonality difficulties.



(e) The 3jm symbol is not simply related to the coupling
coefficient through a Wigner tensor and a transformation
in the multiplicity label. An additional coupling
coefficient tensor <j Q|j> is required, and for ICRs of
types (b) and (c) this is non-trivial. This has the
potential to cause grave problems in the symmetry
properties of the coupling coefficients as we find
ourselves relating spaces in the multiplicity labels

which have different dimensions.

(f) This possible hiatus in the symmetries of the coupling
coefficient could be ignored if it were not for the fact
that the coefficient occurs in a number of areas,
particularly in the n-j symbols. Here we had to introduce
three different symbols of varying dimensions in the
multiplicities with different properties. No discussion
was given to the Biedenharn identity or Racah back-coupling
rule for the simple reason that they depend on special
properties of the 3jm symbols and coupling coefficients
which at best will only hold for special choeces, and at

worst may not hold at all.

The basic aim of this thesis has has been accomplished: to
examine the form of the Racah algebra for grey groups and to find the
properties and domain of use of the various symbols. The initial
expectation from the theory for linear groups that the n-jm symbols
would be sufficient to explain all aspects of the Racah algebra is
in doubt in the area of the n-j symbols. In the second part of this

thesis the grey double point groups are considered in detail,
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and for these groups symmetrized coupling coefficients and 3jm
symbols orthogonal in a sum oyer only two m-yalues may be found.
Whether this is accidental to these groups, or can be done for all

groups remains at present an unsolved problem.

On a wider front, this thesis leads to optimism towards the
development of Racah algebra techniques for other group theoretic
methods which do not involve simple homomorphic mappings onto
multiplicative matrix groups. These include projective representations,
corepresentations of magnetic groups not including the operation of
time reversal, and projective corepresentations. At present,
extensions into these areas seem singularly lacking (although see

Altmann and Palacio [77] for projective representations).

Applications of this theory have not been dealt with at all.
In view of the validity of the Wigner-Eckart theorem, such
applications must be along the same lines as for linear groups (see
for example references [53] and [75]). Two immediate Eifié are
chemical calculations for non-magnetic, paramagnetic and diamagnetic
crystals, and elementary particle calculations where time reversal
is a symmetry operation. Previously most such calculations were
performed in the linear subgroup and then time reversal symmetry
added in, or by the physically indefensible step of restricting
the base field to the reals. Cracknell [}7] has pointed out that it
is easy to make mistakes using this first method and where applicable,
non-linear symmetries should be considered equally with the linear

symmetries.
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APPENDIX : 3jm Symbols of a Grey Group G from the 3km Symbols of

the Linear Subgroup H.

In chapter fourteen section four some examples were given of
constructions of 3jm symbols for a grey group G from the 3km symbols
of the linear subgroup H. In this appendix a complete list of such

constructions is given.

A 3km symbol for any particular triad (k;k,k3) is indeterminate
to within a unitary transformation in the multiplicity label., Such
a freedom, while useful for symmetry adaptation etcetera, is rather
a nuisance for the induction process as the form of a 3jm symbol is
heavily dependent on the properties of the 3km symbols under complex
conjugation. Without loss of generality though these properties may
be standardised in order that simple and definite constructions may
be given. A unitary transformation can always be applied after.

We take then the following:

(a) k., k, and k,_, all of the first kind
1 2 3
Qlk, 8k, 8k, (u)] = Q
*
and Q [1,81, 81 = Q

where Ii is the unit matrix of dimension Dgg

(b) k, and k, of the first kind, kg, of the second

Q[k; 8k, 8 ky (u)_] = Q
%
and ya [T,ereu.] = qQ
Here JM is the matrix (O I of dimension
-1 0

equal to the (even) multiplicity of Q in k, 8 k, 8 kg,



(c)

(d)

(e)

(£)

and J3 ={0 I has dimension Eké]. Each block is square,

As an alternative formulation of this, we may set
Q = Ql\ to give
‘Q2
*
Q [1,81,0J,]= q,

and  Q[1,81,837]=-"

k, and k, of the first kind, k, of the third

Q [k, 8k, 8 ky (u)]
and Q* Ekl 8 k2 3] k: (ui]

I
QO

i
fol

kI of the first kind, k2 and k3 of the second
Q Ekl 8k, 8k, (u)]

and Q" (1,093,895

I 1
O fo]

k. of the first kind, k2 of the second and k3 of the third

1
Q [k, 8k, 8 ky (] = Q

and Q' Ekl g2k, 8 k: (u)] = Q'
with Q* ['_'I1 8J 8 13’] = Q'
and Q'* [11 ®J, 8 13] = -Q

k, of the first kind, k, and k3 of the third
Q [klﬂkzﬁks ] = q
% * % %
and  Q [k, 8k 8k (W]= Q
In addition there may also be non-zero 3km symbols Q' and Q'*
* %
for the triads (klkzkg) and (klk2 k3) respectively satisfying

similar equations.
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() k,, k, and k3 all of the second kind.

Q [k;8k, 2k, ()] = Q
*
and J Q [Jl@ J, 8 3,7 = Q
Alternatively, with Q = Q4
Q2

Q’k1 [J,8J,8 Ja= Q,

and Q*z EJJ@JZQJ;1=—Q1

(h) kl and k, of the second kind, k3 of the third.

Q [ky 8k 8k; (W)= Q

and Q'Ekl ek, 8 kz (u):] = Q'
with Q*EJl 8J, 8 I,] = Q'
and Q'*[J,@J,8I5;] = Q

(i) kJ of the second kind, k, and k3 of the third.

Q [ig 8%, 0% = o

and Q' Ekl ] k,; ] kz (u)]= Q'
with Q* [J1 81,8 13] = Q'
and Q'*[J,8I,@I;] =-Q

In addition there may be non-zero Q" and Q"
obeying similar relations reducing the triads
* * .
(§1k2k3) and (k1k2k3) respectively.
(i) ky, k, and k3 all of the third kind.
* * % %
Q reduces (klkzks)’ Q reduces (klk2k3),

* % %
Q' reduces (klkzks)’ Q'* reduces (k1k2k3) etcetera.

The proofs of all these are fairly straightforward and depend

on two results:
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Lemma One

If M is a symmetric unitary matrix, then
M = ADA
Where A is orthogonal and D unitary diagonal. This has been

shown by Wigner [6]

Lemma Two

If M is an anti-symmetric unitary matrix then

M = AJDAY = - ADJAT

with A orthogonal, D unitary diagonal and J = [ O

as before.

Proof

If w is any eigenvector of M, then

M w o= AW

* *
and Mw = -Aw

by unitarity and anti-symmetry. Setting
w = u+tiy

with u, v real, this gives
Mu = 1iAiv

and My = ~-i)u

Decomposing each eigenvector W in this way, we now set
A = (21, 1—1-2’....’ Xl, 12,.-..)
and D = diag. (iAl, iAZ,...., ikl, iAZ,....)

The result easily follows.

To show how these are used consider first case (a) . From



132

Q[k1@k2@k3 (w] = Q

*
and k. = k. ,
i i

*

Q [k; 8k, 8k (W] = Q

Hence

where M is a unitary matrix in the multiplicity label.

et M = AJ)AI as above, C be one of the diagonal unitary
L]
square roots of D, and Q' by

*
Q = AC Q'
Substituting and cancelling,

Q'* = q

as required.

Next consider case (b). Here
Qlk, 8k, 8k, (W] = Q
* - *
gives QLk, 8k, 8 (kg J D) (W] = Q

or Q*EII 81,8k 8k 8k, (u)]-= Q*Ell eI, 8J_]

Hence Q*[I1 R 12 8 J?:l = MQ

where M is again a unitary matrix in the multiplicity label.

Let M = AJ'MI)AT as in lemma two, and C be a diagonal

unitary square root of D satisfying

This is always possible due to the special fgrm of D. Now define
Q' by
- a3, c*qQ
Q = M Q

Substituting and cancelling,



133

3, Q¥ 1,81, 83,]=

as required.

The other cases follow similarly. We remark that simpler proofs
do exist, but that the ones above give a prescriptive methods for

finding standardised 3km symbols from arbitrary ones.

With these 3km symbols, the 3jm symbols for grey G are found

by the methods of chapter fourteen section four. We set

P

*
P

p[i, 83,8i, ]

aﬁd P [:jl 8 jz B jg (e):]

Using the appropriate 3km symbols of cases (a) - (j) gives:

a3, i, and 3, of type (a).

P =0Q
(2) jl and j2 of type (A)s j3 of tYPe (B)

Q Q,

iQ -iQ

P=1/V2 ! 2
\ & -Q,
iQ, iQ,

(3) j; and j, of type (A), j; of type (c)

P=1/V/2
\iQ -iQ

(4) j1 of type (A), j2 and j3 of type (B)
Q 0 0 Q

P=1/v2



(5)  j, of type (A), j, of type (B), j, of type (C)

Q Y Y Q'
iQ 0 0 -iQ’
l/; 0 Q ) _Q 0

0o iQ' iQ 0

(6) i, of type (A), j, and j, of type (C)
*
Q 0 0 Q
L %
iQ 0 0  -iQ
0 Q' Q'* ©

0 iQ" -iQ'* o

(7 iy j2 and j3 all of type (B).

Q, 0 0] 0 0
in 0 0] 0 0
Q, 0 0] 0] 0
iQ, 0] 0 0 0
0 Q, 0 0 0
0] iQ, 0 0 0
0 Q, 0 0] 0
b - 1 0 1Q2 0 0 0
/2 0 o Qq, © o -q,
0 0 1Q, 0 0 1Q,
0] 0 Q, 0 0
0 0 1Q2 0] 0 —1Q1
*
0] 0 o) Q, Q,
) *
0 0 0] 1Q1 —1Q2
*
0] 0] 0 Q, —Q

o
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(8) j; and j, of type (B), j3 of type (C)

( Q 0 0 0 0 0 0

iQ 0 0 0 0 0 o -iqQ’

0 Q' 0 0 0 0 Q 0

1 0 iQ' 0 0 0 0 -iQ 0

P = —

V2 0 0 Q 0 0 Q' © 0

0 0 iQ 0 0o -iqQ’ 0 0

0 0 0 Q' Q 0 0 0

\o 0 0o iQ' -iQ 0 0 0 j

9 jl of type (B), j2 and j3 of type (C)

o
o
S

/ Q O 0 0 0 0
iQ o 0 0 0 0 0 -iqQ'
0 0 0 Q' =Q 0 0 0
oo 1 0 0 0 iQ'  iQ 0 0 0
V2 0 " 0 0 0 0 Q" 0
0 iQ" o 0 0 0o -iQqM™ o
0 0 Q" o 0 -Q" 0 0
Ko o iQ" o 0 iQ" o] 0 /

* %
where Q, Q' reduce (ki ky k3) and (k; kp ky) respectively
* *
and Q", Q"' (if non-zero) reduce (k1 k2 k3) and (k1 k2 k3)

respectively.

(10) is 3, and j, of type (€)



0 0

0 0

0 0

0 0

0 0

0 0

Q" Q%
QM -iQM*

0
0
Q"*
-iQ"*
¢

0]

*
where Q reduces (kj ko k3), Q' reduces (k; k, k3), Q" reduces

* k%
(k7 ky k3) and Q"' reduces (k; ky kj)

an i,
12y i,
(13 iy

s i,

and j2 of type (D), j3 of type (A)

P = Q

and j, of type (D), j3 of type (B)

Q
iQ,
Q
in

Q
_in

i
G

and jp of type (D), j3

1 Q
V2 iQ

Q'
-iQ'

of type (C)

of type (D), j, of type (E), j; of type (A)

Q,
iQ;
V2 Q2

in

Q2
-iQ,
Q1
iQ,
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(15) j1 of type (D), j2 of type (E), j3 of type (B)

iQq 0 0 -iQ
P =

/2 o o - o

0 iqQ iQ 0

(16)  j, of type (D), j, of type (E), j, of type (C)

Q 0 0 Q'
iQ 0 o -iq’

(17) j1 and j2 of type (E), j3 of type (A)

1 1Q 0 0 -1Q

P = -
V2 N
0 iQ iQ 0

(18) j1 and j2 of type (E), j3 of type (B)
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/' Q, 0 0 0 0 0 0 Qz‘\

1Q1 0 0 0 0o 0 0 —1Q2

Q, 0 0 0 0 0 0o -Q

1Q2 0 0 0 0 0 0 1Q1

0 Q, 0 0 0 0 -Q, 0

0 iQ, 0 0 0 0 iQ, 0

0 Q, 0 0 0 0 Q, 0

oo 1 0 iq, 0 0 0 0 -iQ, 0
V2 0 0 Q 0 0 -Q 0 0

1 2

0 0 1Ql 0 0 1Q2 0 0

0 0 Q, 0 0 Q, 0 0

0 0 iQ, 0 0 -iq, 0 0

0 0 0 Q, Q, 0 0 0

0 0 0 iQ, -iq, 0 0 0

0 0 0 Q, -Q 0 0 0

(19) j1 and j2 of type (E), j3 of type (C)

- | )\
Q o0 o 0 0 0 0 Q
%
i o o0 0 0 0 0 -iQ
*
o Q o0 0 0 0 Q 0
*
o iQ 0 0 0 0 -iQ 0
1
P = *
V2 0 o Q 0 0 -Q 0 0
*
0 0 1Q o 0 1Q 0 0
*
o o o0 Q. -q 0 o o




(20)

(21)

(22)

(23)

j, of type (E), j, of type (F), j; of type (A)

Q o0 0 -Q
K
1Q o 0 1Q
P= - x
V2 0 Q Q 0
*
0 i@ -iQ 0]

(/’ Q 0 0 0 0 0
iQ 0 0 0 0 0
0 Q 0 0 0 0
. 0 iQ 0 0 0 0
P= -
V2 0 0 Q' o0 0 -qQ
0 o iQ' o 0 iQ
0 0 0 Q' Q 0
0

j, of type (E), j, of type (F), j3 of type (C)

(” Q 0 0 0 0 0
iQ 0 0 0 0 0
*
0 0 0 Q Q 0
. * .
1 0 0 o iQ ~-iQ 0
P = —

V2 0 Q' o 0 0 0
0 iqQ' 0 0 0 0

0 0 Q'* o0 0 Q'

¥ o o -iQ'*

\\' 0 0 iQ

j1 and j2 of type (F), j3 of type (A)

Ql
-iQ'
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Q
iQ
P= l
V2 0
0

(24) j1 and j, of type
&
iQ

0

0

bln—‘
@]

.
(25) j1 and j2 of type
o

iQ

0

0

0
Q'
iQ"

o

0

0

Q"
iQ"

_Ql"* .

inn *

0]

0

140

-iQ

o

y

*
where Q reduces (’k1 k2 k3), Q' reduces (k1 k2 k3), Q" reduces

* , x %
(k1 k2 k3), and Q"' reduces (k1 k2 k3).
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1.1

ONE : TINTRODUCTION

Introduction

Many single crystals in chemistry are fairly regular in
structure and have the symmetry (to a good approximation) of a
point group. This symmetry restricts the possible forms of the
space~part of the quantum mechanical energy functions to those
which form irreducible basis vectors for an irreducible
representation of the symmetry group. ~ Such groups are the point
groups K, 0, T, D_ and Cn and if reflections and space inversions

are also included, O, , D C__etc. 1In cases where the spin-

h’> "nd’ “nv

orbit coupling is larger than the crystal field it is customary
to use spinor wave functions, and the geometrical symmetry still
applies though we then have to use the 'spinor' representations

% % * % *
of the double groups K , 0, D, T, Dn’ and Cn etc.

In addition to the well~known operations of rotation,
reflection and inversion, for crystals which do have a zero
magnetic moment the anti-linear operator 8 also commutes with
the Hamiltonian and is thus an element of the symmetry group of
the Hamiltonian. Thus for single non-magnetic, paramagnetic and

diamagnetic crystals the theory developed earlier is applicable.

In these tables the 3jm symbols for the grey double point
x k& _* % . ]
groups K , 0 , Dn and Cn are given together with other tables
* .
useful for these groups. Grey T 1is not given as there is no

*
branching on descent from grey O .



1.2

Notation

For purposes of establishing the Racah algebra the tensor
notation has proved invaluable. However, for the purposes of
tables and use it is not necessary to use such a formal
notation and it may be replaced by the simpler notations more
common in physics and chemistry. To some extent this is not an
easy task due to the variety of notations—and even worse-phase
conventions that exist, each with their own advocates through
historical, practicai or theoretical reasons.  We defer phase
conventions to later sections. Here we give the equivalences
between the tensor notation and a notation common in chemistry
through the work of Griffith Elj .“ In the forthcoming book
by Butler [2] we expect to see extensive tables of 3jm symbols
for the non-grey point groups and since a standardisation needs
to be adopted in this area these tables will probably be

modified to allow an easy 'descent in symmetry' to his tables.

(a) The Basis Vectors

h]
(m)

These should not be confused with the basis vectors of

The basis vector e = | jm> and e‘}ﬁl) = <jm| .
SU(2) which will henceforth be denoted by capitals as
[JM>. A more familiar notation to chemists would be

that of Bethe:.



(b) The 3jm Symbol

Basically for historical reasons-namely the book

by Griffith, we adopt the V notation to give

« o e m.m.m .
1My =
(313,34 L= V33,3, (1)
my M, Moy
with
*
P _ T R | 4
(313238) g = V [JI1 3213 (2)
123
m, m, My
or in the Bethe notation
_ abc _ =
(1‘1;' T, 1“3) . = v Jr; T, rsj
Na b ¢
r
(¢) The Coupling Coefficient
We write
. . (. DM _ - .o s
<dqpd,ligr2 m, <jpdmmylddime>. (3
with
. . . _Tm _ < s s - T
<3ydplig 3 = <iy3,igmald i mmy> (4)

m 1‘.’-[12

All other coefficients may be left unchanged.



1.3

Computation of the Coefficients

At least three methods are available for computation of
the 3jm symbols. The defining equations (6.1) and (6.2) and
the variants which follow form a good starting point for a
theoretical analysis but not for préctical computations. The
considerations of chapter fourteen givé a simple method of
construction if the ICR ma£rices are in standard form but
geometrical considerations in the Iiﬁeér subgroup rarely give
this form. This leaves descent in symmetry from grey SU(2).
This method was chosen because of our prior experience with it,
the available tables of 3j coefficients for SU(2) [3] and the
comparative ease of writing computer programmes. The 6j method
of Butler and Wybourne [4] is only with hindsight available for

these grey groups due to their special nature.

The first part of the use of the descent in symmetry
technique 1is to establish the basis vectors of the ICRs of
the grey double point groups in terms of the vectors |JM> of
grey SU(2). Whereas this may be performed by the use of
projection operators in linear groups, such a technique is not
applicable to the grey groups. For a type (b) ICR it is easily
shown by example with grey C; that there are just not enough
orthogonal operators to project out basis vectors for such an
ICR. Clearly such a lack of operators is connected to the
commuting matrices of an ICR of type (b). (This deficiency in
the projection operators causes an essential error in the proof
by Rudra [5] that basis vectors for this type of ICR are not

orthogonal). For these low dimensional groups it is an easy

matter to take basis vectors for the linear subgroup [6] and

juggle them around to produce basis vectors for the grey group.



This leads to the basis vectors given in the tables.

Racah algebra methods have always been plagued with problems
of phase conventions and uniqueness of choice. Here is an
appropriate place to start such a discussion for the grey groups.
For an ICR of type (a) the anti-linearity of 6 fixes the phase
of a set of basis vectors to within sign. For a type (b) ICR the
specific matrix realizations given in chapter four divide the
basis vectors into two subspaces of equal dimenéion left invariant
under the linear operators, with time reversal mixing these
subspaces, The matrices commuting with such an ICR show that a

basis set may then be transformed by

Z]_I ZzI
* %
-ZzI ZlI
and still form a basis for the ICR. Thus there is a large degree
of arbitrariness in the choice of the vectors. This choice may
even be exploited to the extent that some 3jm symbols do not
even appear in the descent in symmetry method as we found by
. . . * * *
accident in going from grey O to grey T and from grey Dn to
*
grey Cn' In calculations based on the descent in symmetry such
a result is highly desirable as it means that many of the
isoscalars and reduced matrix elements may be automatically set
to zero, but for calculations not involving this descent the

full set of 3jm symbols may be necessary. Thus the basis vectors

have been chosen to give a full set of 3jm symbols.

Similar reasoning applies to an ICR of type (c), where the
division into two sets of basis vectors under the linear operators

is indeterminate by the matrix transformation



z1 0

0 z I

Again a choice is made to give all 3jm symbols.

The 3jm symbols and isoscalars now follow from equations
(12.5) and (13.3). As SU(2) is multiplicity free the tensor
Err,_of equation (13.4) is either plus or minus one and as
continuity requires the positive sign, the equations may be

combined as

Iy Jp I3\ 2 V [k Kk Kk
k) ky kg . m; m; m3 r,
m’ - m’ -—
= 1 II12 3
Py Bty P’y V[ J 3, (5)
15 3
M, M, M,

where the V coefficient on the right is a V coefficient of SU(2)
and the matrices Pi are given by the basis vectors of the grey
double point group. Contrary to the recent statements by Pooler
[?j this is an excellent method for computing the left-hand side
either by hand or by computer. Both methods were used to
calculate the left-hand side of this equation for many of the

groups considered here.

At this point multiplicity and phase problems raise their
head. We may assume that an orthogonal transformation has been
performed in the 3km multiplicity space so that the isoscalar is
non-zero for only one r,. Where the group is not multiplicity
free some searching is required in the J values in order that

the total 3jm tensor be orthogonal between multiplicity labels.



In view of the comments concerning basis vectors, we can only

regard the success of this search as accidental to these groups.

Normalization of any column of the 3jm symbol fixes the
3jm symbols and hence the isoscalar to within phase. As the
isoscalar now is effectively a scalar and is real, the 3jm
symbols are determined to within sign. However, as this is
precisely the phase freedom allowed by equation (6.2), it means

the sign is arbitrary.

In addition to the basic definitions, one of the basic
motivations for constructing 3jm symbols is permutational
symmetry. This restricts the phase freedom according to equations
(7.11) and (12.13). When two or three of the ICRs are equivalent
we have again what can only be regarded as a fortuitous
coincidence: for the lowest values of J which give a particular
column of a 3jm tensor of the subgroup, the symmetry properties
of the 3jm symbol in SU(2) are the same as those of the 3jm
symbol in the subgroup. This does not hold in general for

higher J values as the case Ji =5,J,=4,J

5 = 2 and k1 =k =

3 2

ks = E in the octahedral group shows. Also for the higher J
values when the 3jm symbol is not MF, the descent in symmetry
does not give a symmetrized column of the 3jm symbol. Thus the
3jm symbols calculated from the lower J values should be used
to calculate these higher isoscalars which are not now non-zero
for only one multiplicity label. This has been carried out for

the octahedral and icosahedral groups.



The requirement of permutational symmetry when two or
three of ICRs are equal leaves only an arbitrary sign among the
whole set of permuted isoscalars and 3jm tensors as the mixed
symmetry term [2£] does not occur for these groups. This was
generally fixed as positive for the isoscalar in the defining
cases. When none of the ICRs of the grey group are equivalent
the permutation phase of the 3jm tensor is arbitrary. In
conformity with earlier work [6] this was taken to be the
symmetry of the corresponding V coefficient of grey SU(2) so
that the defining isoscalars are invariant under permutations.
This choice is questionable especially as higher J isoscalars
are not invariant but aé we do not at present have access to a

computer we have kept to this choice here.

This completes the discussion of the 3jm tensor and the
3jm isoscalar. We now turn to the coupling coefficient. These
have not been calculated as they may all be found for these
groups from the 3jm symbols tabulated. To see this, consider
first the case where the multipiicity of the coupling coefficient
is only one, no matter what the multiplicity of the 3jm symbol.
Then in equation (12.10) the m dependant part of the isoscalar
may be absorbed into the coupling coefficient as in equation
(8.10). The coupling coefficients and V symbols of SU(2) are
simply related as this group is multiplicity free and so
equations (12.5) and (12.10) may be readily equated. Choosing

the isoscalars as above, equation (8.16) follows

1 -
. — 2 . ¥
< kykomymy [k jkokghg> o= 2 [kq] iy |V [ ky ky kg (6)



When the coupling coefficient is not multiplicity free, its
multiplicity by inspection of the tables is equal to the
multiplicity of the 3jm tensor. Hence the above equation holds
again. As all V coefficients of SU(2) and the grey double

point groups are simple phase; the coupling coefficients are also
simple phase even though the multiplicities of permuted orders
may be different. The sign relating two permuted symbols is

partially fixed by permutations.



10

1. Properties of the Coefficients and Examples

The permutational equation (7.11) becomes in this notation

> . . . r e . . .
V(333 = M(A2,3)2 v Jp 37 34
1

my My M3 M My M3
1 /%2

etcetera. All the groups here are simple phase and all M are
taken in diagonal form. Every cyclic permutation leaves the sign
unchanged. The parity of all transpositions is taken to be the
same within one multiplicity label and is given in the tables.

For example, from table 2.4,

<l

lac )

=

[r

i

!
wr

<
3]
3
]
1
<1
=
=
=1
]
<l
H
=1
lac
1]
=

2 71 2 71 1 21 /3

whereas

= 1
Vv T, E =V E T T = - -
2 1 72 /3
0 € g 0 O
The conjugation equation (6.20) becomes
T 2 2 . et * - l*
V3333 % ™ ) M3 V[3132 33
m, m, m, n, n, n, n, n, n,

Thus for example from tables 3.2 and 3.3, since



\Y VVT1=1
/30
1-1 0
2L = /1 -1 0 \
/30
-1 1 0

= 1x1x1x v vV V T

-1 1 0

Hence

Ty = -
/30

<li
<
<

which agrees with the permutational result.

11



2.1

12

TWO : Octahedral Group

Introduction

V coefficients are given for this group in two
configurations : the standard one with the z-axis a four-fold
axis and theljili] axis as three-fold, and in tetrahedral
configuration with the z-axis now a three-fold axis, the four-
fold axis lying in the y-z plane making an angle of sin—l(/Z//B)
with the positive z-axis. Basis vectors in standard configuration
are the same as in Griffith[:IJ and Goldingl:Sj from which the

Wigner tensors may be readily calculated by
olam> = (1) |gm>
This is given in table 2.1

In tetrahedral configuration the basis vectors are given

to J = 4 in table 2.2 and the Wigner tensor in table 2.3.

The V coefficients are given in tables 2.4 and 2.5. A

serial order was adapted for the ICRs of
Ay<Ty{<E < T,<A,<E' < U' < E"

The tables are ordered with j; > j, 2 jgand j3 = [Al.....ji],
i, =[Ay..viiJand 3, = CA,.....E"]. Table 2.2 was
adapted from Golding [Bj'and both 2.2 and 2.3 were later

checked by computer.
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In addition to these, isoscalar factors for grey
SU(2) D grey O* were also calculated using a computer programme
to generate thé V coefficients of SU(2). A serial order was
adapted as above for the multiplicity free cases for each
triple of ICRs of grey O*andaasimilar order was used for the
J-values of SU(2). For the non-multiplicity free cases a single
isoscalar is given from normalization of the corresponding v
coefficient and then the resolution of this symbol into the

standard V coefficients of table 2.4. The isoscalars form table

2.6.

W coefficients are given in table 2.7. They were

calculated by means of equation (9.17)



Table 2.1 :

The Wigner Tensor [ m

Standard configuration

*
for Grey 0 in

j- m- n value
A a1 2 1
T 1 -1 1

1

0 0 -1
-1. 1 1
E 6 6 1
€ € 1
'I'2 1 ~1 1
0 0] ~1
-1 1 1
, Az 2 A .1
E' o B 1
Q -1
U’ P v 1
A u -1
n A 1
v < ot
E" o 8 1
- o -1

14



Table 2.2: Basis Vectors for Grey O* in Tetrahedral Configuration

The table has been separated into integer and spinor ICRs. Along

the top is given the possible M-values.

Down the side are the J-values

and the ICR basis labelling. The value of a coefficient of |[IM> is

given by an entry in the table. Blank spaces correpond to zero. For

example, from line five

15

|2Bx> = 1 |25 + i/2 |2-1>
V3 V3

J | km 4 3 2 1 0 -1 -2 -3 -4
0 Al: ay 1

T, 1 1
1 T10 1

T,-1 1

Bx 13 iv2//3

Ey iv2/V/3 1//3
2 | 1,1 - =i/V3 v2/V/3

T,0 i

T,-1 V2/v3 ~i//3

Aya, -/2//3 iv5/3 -/2//3

T,1 -1//6 i/5/V6

T,0 -i/5/3/2 2/3 -i/5/3v/2
3 |Ty-1 1/V/6 -1/5/v6

T,l ~-iv5/v6 1/v/6

T,0 -1//2 1/V2
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i/10/3/3 —~/7/3/3 i/10/3/3
V71373 2i/3/3 -4/3/3

-4/3/3 21/3/3 v7/3/3

-iv/2/3 V7/3/2 -iV7/3/2
i/v2 -ifV2

V77372 ~/7/3/2 iv2//3

- |=V14/3V3 51/3/6 -1/3/6

—-/7/3/6 i2/5/3/3 ~/7/3/6

-1/3v6 5i/3/6

7/2 5/2 3/2 1/2  -1/2  =3/2 -5/2 -7/2

1/2

1

3/2

1/V3 -iv/2/V3

-1/2//3 1/V3

5/2

iv/5/v3 -2/3
2/3 | -i/5/3
i2v2/3 1/3
-2i/3 -/5/3
-/5/3 -2i/3

1/3 i2v2/3




Km

7/2 5/2 . 3/2

1/2 -1/2

-3/2

-5/2 -7/2

7/2

E'a
E'R
E"o

E"B

IADY

U'p

-iv/5/376
iv35/3v/6
-/7/3V2
-1/3v2
-1/3
iv14/373

-i2v/2/3V/3

V7/3Y3
-/7/3Y3
¥'5/3

iv/5/3

-v5/3Y3

-v/5/3V3

—12/2/3

-1¥35/3v6
1v5/37/6
-1/3v2
-V7/3v2

-12v/2/3

1/3

-12v/2/3Y3

iv14/3V3

17



Table 2.3:

*
for grey O in Tetrahedral

The Wigner Tensor [ m
m
Configuration.
j m ol value
Al aj al 1
1 ~1 1
T1 0 0 "1
-1 1 1
X y 1
E
vy X 1
1 -1 1
Tz 0 O "].
-1 1 1
A, as a, 1
) B 1
El
B a -1
K v 1
A u -1
u' '
u A 1
v K -1
o B 1
E"
B a -1

18



Table 2.4: The coefficients V jl j2 j3 for grey 0* in Standard

m_l m2 m3

Configuration

The ICRs are ordered with j, Z.jz 2 j, and iy = [:Al ...... jzj,
', =[A1""‘jlj and j, =[A1”"E“ . The J values for which these
were calculated are given on the left from which the parity of each
transposition is found. An asterix denotes those parities which are

essential. The others are arbitrary.

Multiplicity|Transposition _
Jy J, Js 373, 315 ) S my my myg v
label . parity
0 0 0 | ApAA 1 even®  la; a; a, 1
110 |17, 1 even* 1 -1 a; |1//3
0 0 a, |-1/V3
: ay - * : .
111 | T,TT, 1 odd {1 o -1 | 1//6
; B ,
2 11 E T, T, o even’ |8 0 O 1//3
: 8 -1 1 1/2vV3
e 1 1 1/2/3
*
2 2 0 E E A 1 even 6 6 a, 1/v2
‘ € € a, 1//2
. : %
2 2 2 | E E E 1 even 6 6 0 ~1/2
5 £ € 1/2
2 1 1 T, T, T, 1 even™ 1 o0 1 -1//6
o 1 1 -1/v6




[ L }
Multiplicity | Transposition _
J.J.J 33,3 ‘'m. m, m \Y
1
23 17273 label parity 123
2 21 | L E T 1 odd 0 € 0 | -1/3
1 e -1 -1/2/3
1 6 1 1/2
*x
2 2 0 | T, T, & 1 even 1 -1 a | 1/73
0 0 a | -1/V3
*
2 21 | T, T, T 1 odd 1 o-1 | -1/
1 -1 0 194
- : - | -
2 2 2 |, T, E 1 even 0o 0 8 | -1//3
k1 1 | -1/2/3
1 1 ¢ -1/2
i . * .
2 2 2 Ty, Ty, T 1 even 1 o1 -1/V6
Z , * :
3 2 2 | AEE 1 odd ag € 8 1//2
3 21 Ay T, Ty 1 even ap -1 1 -1/V3.
3 3 0 Ay Ay Ay 1 even a; apap | 1
—]; —1. 0 E'E'AI e vo'dd*‘ SR 8 al _1//2
B S T A '
11 1: E' E' T, 1 even a a -1 |-1/Y3
22 : o 0 1/v/6
> S 1 |uET 1 odd « B -1 | -1/2
A a-1 | 1/2/3
k g O 1/v6
—3— -;— 2 U' E'E 1 even A g 9 -1/2
K o € -1/2
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Multiplicity | Transposition _
192 313233 ) m; m, m3 v
: label parity
3 1 Ut E' T, 1 even Kk o 0| 1//6
2 2
k B 1 |1/2/3
A o 1 1/2
) *
3 3 u' u' A, 1 odd K v a.| -1/2
- = 1
2 2 .
A m a, 1/2
. )
3 3 u' Ut T, 1 even k w -1 |-1/Y10
7 2
k v 0 | /3/2/5
A A -1 | /2/Y15
A u 0 { -1/2v15
*
3 3 u' u' T1 2 even K K 1 v5/2/6
7 2 ' ,
k u -1 1/2v/10
k v 0| 1/2/15
A A -1 /3/2/10
A u 0| V3/2/5
%
3 3 U' U' E 1 odd K v 8| -1/2/2
2 2
kK A e | -1/2/2
A oow 0] -1/2/2
*
3 3 Ut u'T 1 odd Kk A 0] 1/2/3
- = 2 -
2 2
kK u 14 1/v6
*
3 3 u' u''T 2 even K k -1 1/2/2
= = 2
2 2
K A O 1/2v3
Kk u 1]-1/2/6
A A 1]-1/2/2
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Multiplicity | Transposition _

J J2 jl jZ j3 mj mpy mjy Y
label parity
*

3 3 u' v A, 1 even K A a, |-1/2
2 2 T
5 3 E" E' T, 1 even a o -1 -1/v3
2 2

B o O 1/v6
5 3 E" E' A, 1 odd B a a, | 1/v2
2 2 . .

5 3 E" U' T, 1 odd a k O 1/v6

2 2
B x 1 1/2v3
a A1 1/2
5 3 E" U' E 1 even a k B 1/2
2 2
B X ¢ -1/2
5 3 E" U’ T2 1 even B k -1 -1/2
2 2
: a A-l 1/2V/3
B x» O 1/v6
) 11 n * - }/2
5 5 E" E" A, 1 odd a« B8 a, |-1/

73 '

: "o * - /
5 5 E" E" T, 1 even a a -1 1/¥3
2 2

a B O -1/v6

21



Table 2.5: The Coefficients V 13 j2 j3 for Grey 0*

m, m,

in Tetrahedral Configuration

my

The coefficients are arranged in exactly the same order as in
the last table, and have the same transposition symmetry. The two

non-MF cases are distinguished here by the J value on T, and T,

22



i, i, ij my my m3 v
A]. A]. Al al aj ai 1
T, Ty A, 0 0 a) -1/v3
-1 1 ay 1/v3
Ty T T -1 0 1 -1/V6
E T T, x 0 1 /Y6
x -1 -1 1/V/6
A y x a) 1
E x x x 1/v2
T, T, T) 1 1 1 vV2/3
1 -1 0 -1/3V/2
0 0 0 -1v2/3
0 -1 1 -1/3V2
T, E T, 1 x 0 1/2V3
1 1 2/Y2V3
0 x 1 1/v/6
T, T, A, 0 0 aj -1/V3
-1 1 aj 1/V3
T, T, T, 0 1 -1 1/v6
-1 1 0 -1/v6
T, T, E 0 1 -1/ 6
-1 -1 -1/v6
Ty T, Ty -1 0 1 -1/3V/2
0 0 0 -iv2/3
-1 -1 -1 v2/3
A, E E ap vy x -1/V2
Ao Ty T as 1 -1 l/\/3
as 0 0 -1/v3
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i i, I3 oy m M3 v
Ay Ao A as as al 1
E' E' Ay B a a) 1/v2
E' E' T a o -1 -1/73
a 0 1/v6
U’ E' T K o 1 /76
K B -1 -1/2v3
A a -1 1/2V3
A B 0 1/v6
u' E' E A o x -1/2
u' E' Ty K o 1 V5/3V2
K B -1 -1/2V3
A a -1 /2V3
n o 0 /6
u' u' Ay v K aj 1/2
u A a; 1/2
U u' ™ K K 0 iv2/v3V5
A K 1 -1/V3v5
A A -1 v2/v3v5
u K -1 -1/v2V3V5
u A 0 -1/2V3v5
v K 0 -1/2V3v5
E" E' Ty o a -1 -1/V3
o B 0 1/V6
E" E' A, o B ap -1/v2
E" u' ™ o K 1 -1/Y6
o A -1 i/2V3
o i ) /Y6
o v 1 -1/2V3

24
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) 12 I3 oy My M3 v
U’ u' E A K v 1/2
U U T, A K -1 -1/Y6
u A 0 -1/2V3
v K 0 -1/2V3
U’ U 3T, K K 0 -1/V6
A K 1 1/2v3
A A -1 2/V/6
u!' u' Ay u A as -1/2
\% K an ’i/2
E" U’ E o A x 1/2
E" u' T o K 1 i/V6
o A -1 1/2V3
a U 0 -1/V6
a v 1 1/2v3
E" B" Aq B o a) 1//2
E" E" T g o 0 -1/v6
o x -1 -1/vV3
u' u' 3T K K 0 1/V2V3V5
A K 1 -1/2V3V5
A X -1 1/V/2V3V/5
u K -1 #2/v3V/5
u 1/V3Y5
v K 0 1/V3/5




*
Table 2.6: The Isoscalars jl j2 j3 for Grey SU(2) D Grey O

ki ky kg

Each table gives the isoscalars for a triad (k1 k2 k3) ordered

as in the previous two tables. Internally each is then ordered by

the triad (J; J, J;) with J, = [o ...... J2:|, J, = [o,....Jﬂ_aand
In cases where the branching SU(2) —» 0% is not
multiplicity free, the additional labelling a, b,... is required.
The serial order b > a is adopted. For example, for (k, k, k) =

(U'U'Tl) and (J1 J, J3) = (9/2, 9/2, 5) the six entries are in order

9/2 9/2 5 9/2 9/2 5

b bl
au' au' aT, aU' ay’ bT,
9/2 9/2 5 9/2 9/2 5 _
bU'! au' aT, bU' ay' bT,
9/2 9/2 5 9/2 9/2 5

’
bU' bU' aT bU' bU! le

For the multiplicity free cases each line consists of the triad

(J1 J, J3) which is followed by the sign and the powers of V2, V3, V5,

Y7, V11, V13, V17, ¥19.

number which multiplies the whole coefficient.

for (A1 A1 Al) the third line is

4

4

+ 1 -3 0 2

gives the isoscalar

This in some cases is followed by a further

Thus in the first table

26
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4 4 ) _ 7v2
3V3/117/13
A, Ay A,

The non-MF triads (U'U'Tl) and (U'U'TZ) are given separately
at the end. Here additional information is required as there are two
isoscalars. Following (J1 J2 J3) is the value of the isoscalar derived
by normalization of the V coefficient from this coupling. Following
the sign are the power of v2 to Y19 and then in many cases the square
of another number. Two further entries on the right resolve this
isoscalar to give the standard V coefficients of table 2.4. Each of
these entries gives the sign, the powers of V2 to V19 and then the

ratio a/vb. For example the complete entry for 7/2U', 5/2U', 5bT, is

7/2 7/2 5 + -2 -1 -1 0 -1 0 O O 113- -1 O -1 00000 31/113

+ -1 0 -1 00200 1/113

giving
T T Ve S |
U’ u' bT, 2v/3v5/11 v2v/5/113
]l
and
7/2 7/2 5 _ /113 . 3
u' u' bT 2v3V5V11 V2vV5V/113
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11721172 5 +<2=1 1 1=-1=1=1 0 41 + 2 2<-1 0 0 0 0 O 1/ 61
- 0 0= 0 0 2 0 O 1/ 41
11721172 © +=5 0 1 1=1-=1-1 0 73 - 2 0=-1 0 0 0 0 0 1/ 73
- 0 0-=1 0 0 0 0 2 1/ 73
11/211/2 6 +-5-2 1 1 0=1-1 0 37 + 2 2 O 0 0 0 0 1/ 37
| + 0 0 O 0o 0 0 O 1/ 37
11721172 2 + 0 0 1-1=1=1 0 0 + 0 O 0 0 0 0 © 17 1
11/211/2 3 + 2-1 1=1=1=1 0 0 0
' + 0 0 0 0 0 0 0 0O 17 1
11721172 & + 1 =2 1=1=1=1 0 0 + 0 0 0 0 0 0 0 0 17 1
0
11721172 5 + 1 =1 1 1«1=1=1 0 0
« 0 O 0 0 17 1
l1/21172 6 + =4 0 1 3 =1 -1+-1 0 + 0 0 0 0 0 0O 0 O 1/ 1
0
11721172 6 + -4 =2 0 3 0-1=-1 0 + 0 0 0 0 0 O O © 1/ 1
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Table 2.7: The 6j Symbol j1 j2 j3 for grey o*

i, ds dg

These are ordered by j1 ;jz > i3, jS’js € j, and j, < jl' Each
coefficient is given by jl’ j2, j3, jq, js, j6 followed by the sign,
the powers of V2, V3, V5, V7 and ¥29, with in some cases another
integer to multiply the coefficient. These tables were prepared
nearly two years ago at the University of New South Wales and have
theoretical deficiences in the multiplicity labelling. A computer is
not yet available at the author's present address for easy correction
and the tables are given as ofiginally computed. Rather than attach
a multiplicity lable to a triad (j1 iy j3) a J label was attached to
a single ICR. This is TI(BTl) when the multiplicity label is one (two)
in the triad (U'U'Tl) and T2(BT2) when the multiplicity label is one
(two)‘in the triad (U'U'T,). Dashes are also denoted by D. Thus the

entry

UD UD BT1 UD UD T1

is the 6j

u' u'oT,

u' U’
1] 2111
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THREE: THE GREY ICOSAHEDRAL GROUP K*

This group is the grey group of the icosahedron which is
orientated so that the z-axis is the five-fold axis and the two-fold
axis lies in the y-z plane making an angle of sin_1 (2/¥5) with the

z—axis.

The serial order for the ICRs is

A<T1<V<T2<U< E' < U' < W' < E"

The V symbols are from Golding E9] with some corrections and

additions.



TABLE 3.1: THE BASIS VECTORS FOR K*

|0Aa> = |o00>
|1T,1> = -[11>

|tT,0> = Z|10>

i1, - 1= -|1-1>
|2v2> = -|22>
|2vi> = £]21>
|2vo> = |20>
[2v - 1> = £|2 - 1>
|2v - 2> = -] 2 - 2>
|3T,1> = —% ]33>—i§§ |3 - 2>
|31,0> = £[30>

V2 . V3
37, - 1> = - 75-]3—3>-¢75- |32 >
| 3tk> = % [ 33> - ¢ ‘-/‘-/%|3—2>
[3Ux> = | 31>



| 3uv> =§% |3 - 3> - fb% | 32>

|ava> = 7‘% la2> + < %—g [4 - 3>

|avi> = -i‘%% |a1> - 7‘31‘7—,—5— |4 - a>

|avo> = |40>

|4v-1>=-7;§‘/§ |4—1>-7§77§|44>
|4V-2>=-71—5|4-2>+75%%|43>
|auk> = -2 % la - 2> + 71—57 |43>

| 4ur> =7§%5- |41> + < 7_%/% |4 - 2>
|4Up>=—7%l4-1>—7:7§7‘%|44>
|auv> = < ‘/ié |a2> - o= |4 - 3>

7:71‘%15-4>-7f—g[51>

I5T11> =
|5T10>=-57/%|55>-733_:—2'|50>"£|5-
|5T,-- 1> =2 7% |54> - 7‘1/—3 |5 - 1>
|5T21>=—§§—|53>+i§§—|5—2>

|5T, 0> = -%[55>+7;‘/—g|50>—%|5-5>
|5T2-1>=—'§§—15-3>+i§§—l52>
|5v2>=i%|5-3>-§§—[52>

|svi> = -2 ;/75 |s1> +7;/73-5— |5 - 2>
|5vo>=-7i5|55>+7'%|5-5>

|5v—1>=i7‘2/77§|5—1>-7;/735—|54>

|sv - 2>

. V3 V2
—z7§|53>+7§|5- 2>

. V7 V11 . V7
|6aa> = - = [65> + 2= 60> - ¢ < le - 5>

Y3/11

l6T11> = < ‘;—3 le6> - =7 l61> + < é/—‘% |6 -4

5>
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16T10> = — 1
| V2 l65> +7L|
6T1 - 1> = /3 2 6 - 5>
= -1 —
6 -
leuk> = > | 6>"‘%]:_1-
|63> _ 5v2 le -1 /1]_
lour> = —¢ 7L 5 l6 -2 575 164>
6 —|66 2/2
U'IJ>=$‘/_1];'6 |6l -iﬂil
5 -6 2/ 5 16~
- -1
VB_IG Z 34 : + 7 2}/3
7'3-'62> > I64
l6va> = - =
/5 l62> + 7
I6V1> = ‘/ll /5 |6 - 3>
|e6> -
levo> = /11 7' l61> + 3/3
V-l>=_.@_- I6O>_1/1/-|1
| ev > |6 > - |6 - 5>
-2 =- 2 572_|6"1> 3
7§|6_2> L +73_|
|7T]_l> = LZ_’/%&
575 1 7© 2
|7 05 = 2/2/3 76> - —‘5/—‘1,% 171
_575__‘75 / > +'L£__
|7z, - + ¢ /1L 5/5 |7 - 4>
1> =1 /3 | 575 | 70> + 2/2/3
5/5 745 - 2/11 L 7 -
|77, 1> = Y11/13 5/51 |7 -1 | >
o5 |7 - > 4 4 Y2/3/13
| 7,6 75 - 4 X1 5 3
r,b = L7231 L 575 |7 Tes 177
|72 5/2/5 [ 75> - 4 4/3 & -2 W7
, - 1> ‘/_1141_11 57§|7°>+_/77%l " 1o75 |7*
Sy |17 - 4 57275 |7 -
I7UK> = 2/7/11 > =1 571/27_1 5>
e 17 -7 25‘72>__7:7/1
| 70% = -2 /11 > - ¢ Y313 | Tors 17 -
5
| 57375 |76 _/2/13 5 117 ® 2/2/13
Tows = -5 AL ECaR
-7 11 5 1> _7:/2/1 >
7.6 - 72013
|7Uv>_/2/7/ll >—_§§‘];Zi|7 5 |7_4>
1775 - 1 2 > s - g Y2
| 7v2> / 5 13013 13
=1 7/13 “5/5 l72> 2/2/ 5V 3V5 |74>
Tovs |77 /3/ v 2222
|7Vl>=_/2/l3 -_57%&|72> >v3/5 l7'3>
5/3 |76> /1 +7:%'];
+ 1 ___1 517 -3
| 71> +/4
17 - 4



0> = 4= |755 - = |7 - 5>
2 V2

. Y11
¢ Tov3 173

‘ . Y11 4
l7v_1>=_§7;;§|7_6>_7/_§—l7"l>—57§|74>
. V7V13 vV3v11
l7v‘2>=—7«ml7—7>+7—52|7_2>..
l1/2 B'a> = 2]|1/2 1/2>
|1/2 E'8> = ¢|1/2 - 1/2>
|3/2 u'w> = 2|3/2 3/2>
[3/2 u'a> = =|3/2 1/2>
|3/2 uru> = -13/2 - 172>
|3/2u'v> = 2|3/2 - 3/2>
|s/2 wit> = 2]5/2 5/2>
|5/2 wrv> = -|5/2 3/2>

|5/2 w'¢> = -i]5/2 1/2>
|5/2 w'x> = -i]5/2 - 172>
|s5/2 wy> = -|5/2 - 3/2>

|5/2 w'w> = 2|5/2 - 5/2>

|7/2 E"0> = ¢ %%5-|7/2 7/2> + ;%6-|7/2 - 3/2>

|7/2 E"8> = < “?0 |7/2 - 7/2> + é%a |7/2 3/2>
|7/2 w't> = - g%I?/z 5/2> - 3%5-|7/2 - 5/2>

772 W = = 3 (772 32> + i e

|7/2 w'e> = 2]7/2 1/2>

|7/2 w'x> = -2|7/2 - 1/2>
% A
|7/2 wry> = 7535 |7/2 - 372> - ¢ 275
|7/2 Ww> = + §§§-|7/2 - 5/25 + == |1/2 772>

|7/2 - 7/2>

|7/2 + 772>
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lo/2 u'k>
lo/2 u*a>
lo/2 uru>

lo/2 utv>

lo/2 wrr>
|o/2 wrv>
lo/2 we>
lo/2 wix>
lo/2 wy>

lo/2 wiv>

|11/2 E'o>
|11/2 E'8>
|11/2 u'k>
1172 u'a>
[11/2 u'p>

|11/2 urv>

|11/2 wro>
|11/2ww" v>
|11/2 w'¢>
|11/2 wry>
|11/2 wry>

|11/2 w'v>

- 2£.|9/2 3/2> - fL__ los2 - 772>

- §ﬁ2.|9/2 1/2> + 1 Z—-|9/2 - 9/2>

= 212.|9/2 - 1/2> - i - |9/2 9/2>

/3/7

=.—- |9/2 - 3/2> + los2 772>

;%-|9/2 5/2> - éL [9/2 - 5/2>

f%gl lo/2 372> - == l9/2 - 7/2>

‘/5—7 lo/2 1/2> - 3—‘/2 lo/2 - 972>

I
S,

é} lo/2 - 172> - 313 I9/2 9/2>

i
Q.

ﬁ%;l lo/2 - 372> - 7§-|9/2 7/2>

= - ;%-lg/z - 5/2> - f%-l9/2 5/2>

5517— |11/2 11/2> + © fll |11/2 172> + g%%é%i |11/2 - 9/2>

= - 3757— |11/2 - 11/2> - < L/ﬂ-lll/z -1/2> - é%%é%i |11/2 9/2>

= -1 §§-|11/2 3/2> --é% |11/2 - 772>

=1 1%%%5 |11/2 11/2> - %; |11/2 172> - 2 %é% |11/2 - 9/2>
=1 f§§§£ [11/2 - 11/2> - %;—Ill/z -1/2> - 1 §§§-|11/2 9/2>
= -1 %%—Ill/z - 3/2> - é% |11/2 772>

= - 32—111/2 5/2> - 2 |11/2 - 5/2>

__ 12 o2 |11/2 372> - /3 111/2 - 7/2>

= Z§§%£|11/211/2> -7 == |11/2 1/2> + /3 |11/2 - 9/2>

/b

75 1172 - 3/2> + 4 7#"11/2 7/2>

- 7;—[11/2 - 5/2> --% |11/2 5/2>
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|13/2

|11/2
|13/2

|13/2
|13/2
|13/2
|13/2
|13/2
|13/2
|13/2
|13/2
[13/2
|13/2

|13/2

|15/2
|15/2
|15/2
|15/2

|15/2

|15/2

E'a> = Egi [13/2 11/2> + 1 fL—-|13/2 1/2> + —-l13/2 - 9/2>

E'B> = Egi |13/2 - 11/2> + 1 l/-_,,1-1-113/2 - 1/2> + = |13/2 9/2>

E"a> = 1 g%% |13/2 - 13/2> + |13/2 - 3/2> + 1 == / |13/2 772>
E"B> = -1 £§l |13/2 13/2> - §%§'|13/2 3/2> - 4 L/——-|13/2 - 7/2>
U'k> = /géli [13/2 13/2> + < ngééi |13/2 3/2> + §7§ |13/2 - 772>
U'A> = -2 §§E-|13/2 11/2> - —%é%l [13/2 1/2> + © §%§-|13/2 - 9/2>
u'p> = 4 %ég |13/2 - 11/2> + f%é%l 1372 - 172> - % —%L—|13/2 9/2>

ulvs = - £§§%§ |13/2 - 13/2> - 4 3£§§%1-|13/2-3/2> - /11 |13/2 7/2>

W> = 4 2= 1372 5/2> + 7= 1372 - 5/2>

Wus = -1 Z%%g%% |13/2 13/2> - —73—3 |13/2 3/2> + % §;§-|13/2 - 772>
W'¢> = - '/ll |13/2 11/2> + i 4/3 |13/2 1/2> - 223211 |13/2 - 9/2>
/11 4/3 v2v3/11

Wix> = —7—-|13/2 - 11/2> - 1 oo |13/2 - 172> + ——575——-l13/2 9/2>

Ws = -1 {%%é%% |13/2 - 13/2> + g7%7§-|13/2 - 3/2> - 1 355 |13/ 7/2>

Wa> = 1 2= |13/2 - 572> + 7%6"13/2 5/2>

U'k> = Z-g-%ills/z 13/2> + % f%é%l |15/2 3/2> + g%g |15/2 - 7/2>
uns =14 fgé%i |15/2 11/2> - f%é%l |15/2 1/2> + ¢ 7= [15/2 - 9/2>
> =17 Z%ééé |15/2 - 11/2> - Z%ééi |15/2 - 172> + < g%g-IlS/Z 9/2>
U'v> = f%éli |15/2 - 13/2> + < f%éﬁl |15/2 - 372> + E%E-IIS/Z 7/2>
aW'T> = gaéé%is-l15/2 15/2> - % 3§§;§§%% |15/2 5/2>

+ l%é%é}%%Q |15/2 - 5/2> + < ig{l%élz-|15/2 - 15/2>
aw'v> = -7 —gég%%— |15/2 13/2> - é;é%%7 |15/2 3/g>

. /3/7/11/13

- 1 o757 l15/2 - 772>
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l15/2

|15,/2

|15/2

|15/2

|15/2

|15/2

|15/2

|15/2

|15/2

|15/2

aw'¢>

aw'x> =

aw'y>

aw'w>

bw't>

bwW'uv>

bw'¢>

1l

bW'x> =

bW'Y> =

bW'w>

- /_i‘o/%i‘/%—l l15/2 11/2> + ¢ %/-‘17%7 |15/2 1/2>
- !2%%%%%5 |15/2 - 9/2>
_%g;%%i |15/2 - 11/2> - ¢ 1%%%%-[15/2 - 1/2>
+ ‘/Zgli‘;m |15/2 9/2>
=7 %%é%éi? |15/2 - 13/2> + g%;%%?.Jls/z - 3/2>
+ 7 Z%g}g%%;li |15/2 7/2>
- T 35%%%17"15/2 - 15/2> + 1 ggé%é%% |15/2 - 5/2>
- l%§§§§§%3 |15/2 572> - ¢ ZE{%%{;Z |15/2 15/2>
= é%é;;%%; |15/2 15/2> + 4 7%§%§I7 |15/2 5/2>
+ 57é5%7f7 |15/2 - 5/2>
-7 l—gégégl—? l15/2 13/2> - 59;/3;/117 |15/2 3/2>
+17 1575§§7T7 |15/2 - 7/2>
j%%é%%g l15/2 11/2> - ¢ g%g%{%l |15/2 1/2>
- i%%§%I7'|15/2 - 9/25
- i%%§§%7 [15/2 - 11/2> + < ﬁg;%;%% |15/2 - 1/2>
+ I%%§§I7 |15/2 9/2>
I%§%§%§I7'|15/2 - 13/2> + g%é%é%%; |15/2 - 3/2>
= TW%%W |15/2 7/2>
= é?é}é%%; |15/2 - 15/2> - 4 73§§§%7 |15/2 - 5/2>

Y1
2V2/5V/17

|15/2 5/2>
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TABLE 3.2: THE WIGNER TENSOR | m FOR GREY K*
n

Value

- e~ o~
A < «

<~ a >

@ 3 2 A < y

3 o ¥ < & >

3

e

2> X e D P a 3

D e X D 3 3

El
U'

w!

EH
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TABLE 3.3: V COEFFICIENTS FOR K*

Jy i, i, m, m m v Transposition
‘ | Parity

a a 1 even

-1 a l//3 even
a | o1/v3
-1 | = e odd
-1/v5 even
-1/Y10
-1 1/v30
0 -Y/2/v15
-2 a 1/v5 even
a _ 1/V5
0 a - 1/V5
-1 -1 -1/v15 odd
-1/v10
-2 0 iv2/V15
-1 0 2/Y30
-2 - V2/V35 even
-2 -V/3/V35
-1 -1/v/70
-V2/V35
1/5/14 even
2/5V/21
-2/2/5/7
3V2/5/7
-/7/5v3
-/2/Y15 even
1//15
v2//15
-1/Y15
1/V5
1 -2/Y15 odd
1//10
-2 £/V30
-1 -iv2/Y15
1/V3 even

™ T A

Hlo H|w

-T1 ™ Ty

<
H
R
H
I
(.
=N
©o + o r|lo|lo

O K K N[l v H MO R MO o
o
1
'—l

H O KFFINMN O O +H OO

o 1
=

To v \Y -1

=
H NN NMNIO D NMID O NMN|O O O

[
=
o1}




T2

<

-2/V/6
1/2V3

—1/2Y3 .

odd

~

H oD NN N E

N H O HIO O =

I
=

i/2v30
-2/2v5
-iv2/¥15
-iv2/¥15

£/2v30
-1/2/5

even

> T IrT T > A

~

> < > A”A|lO

1/2V3
-1/2V3
1/2V3
-1/2V3

even

El

EI

QI <

o1}

1/V2

odd

El

E|

Q

-1/v3
//6

even

T

1/2
/2V3
1//6

odd

Rl>» B <1

> > &5

-1/V5
/25
Y3/2V5

-2/v10

even

Ul

Cl™®™® K W Rl ™ R|lm®m @lm|<c >» =&

1/2
1/2

odd

T1

A > > £ |> =

-v/2//15
£/V10
£/2V15
v3/2v5

even

U|

=

P A = I A = I =

£/v10
1/v10
1/2V5
1/2v5

odd

UI

U‘

Ty

~

> > =

ol

-/2/V15

-1/v10
£/2V15

-1v3/2v5

even
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1/v3

T2

T2

[

1//10
1/v5
1/vY30

~V2//15

even

T2

To

- T

-2/V6

odd

T

¢c|lrjo » = ~|oO

!

V3/2V5
1/730
1/v/15
1/2/15
-v2/v15
-1/v/10

even

<lE = 2 A

VM O H N DO H M R N N OO

1v3/2/10
£ /2/5
-2/2V5
2v3/2/10

odd

T

T1

o 1
-~

/273
/76
1/2V3
/76

odd

To

A O>Xlc > > <Z<|F T A

> > =

Fal

[ e]
[

1//15
V2//15
-1/2/15
V3/2/5
17730
-1//10

even

> A

1/2
1/2

even

T

A

> =

-i/V6
1/2 3
/23

odd

=

= < > A > EBlIE < >IrE <

-1/V30
-/2//15
-/2//15
1//30
1/2v5
-1/2V5

even
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Ul

Ul

V3/2v5
-1/2V5
-2/2v5
-V3/2v5

even

Wl

El

c € o X|>» A T >

€

QIT = < =

R ™ W R

1/Y10
/Y15
/30
v2/vY15
1//6

odd

Wl

El

T

W R

-/2/Y15
-1/Y6
-i/¥30
-i/Y6

even

R W £ W LI L

V37275
-1/2v3
-1/2v15
-1/2Y3 -
-1//6

even

‘W‘

T1

> < T

1/2V5
1/2/15
1//10
1/V6
1/Y10
1/Y15

odd

Wl

Ul

C C 6 6 X X € |c 6 A €€ o Xie < £ € Al &8 < 4

>~ A

-2v3/V35
-13/2V35
-1/Y70
1/V35
V5/2v21
-2v¥2/Y105
-%//210

even

W'

U'

-

A £ €« © c

c

> = |lr > > =5

-~

c

= < =

1/10V7
1/2V35
1/v210
V7/2V15
V7/10
-1/5V21
i/V35

even
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<

V2,735

ivV2/Y105
-V7/5V3
-2/v70

iv3/V35

Wl

UI

Tp

c X € A}l <¢c & X ©

€

c

> 1=

2/2V3
1/2v5
i/v10
£/2v15
1/2/3
1/v10
1/V15

odd

W'

U|

c X c &g X

€

A OE > < > > < <

T > < > > <

~

< < A

I

iv3/4V2
£3/4V10
£/2V5
1/2V30
1/2v6
1/4v2
7/4V30
1/4Y15
3/4v5

odd

A € X |IxX X € A

e & e € 4 <« £

<

e <¢cle > >» v <

A B

~

1/2V3
/272
1/2/10
1/4v10
/46
1/4V30
1/4/2
/4
1/4v3
iv2/Y15

even

W"

A

1/v/6
1/v6
1//6

odd

T)

c © . xX | c

€ X € X IxXx € €l < > >» < < E T T

H o F Flp o olE > = >

-v3/V35
£2v2/v¥105
1/v210
i/v21

even
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2¥3/vY70
iv5/V42

Wl

Wl

A © C

A

A e X = €el&g €

V7/2V15

2/2v105
-i/V42
-1/v21
-/7/5/6
-1/5V42

/42
-2v2/v21

even

W!

Wl

A €€ ¢ & © © c|©S cC

e © | €= €

c &8 X X

€

73/2V35
1/2V7
1/V35
2/v105
1//14
172105
V5/2v21

odd

Wl

W|

A X c<c X

g X

c €

Y3/10V7
2/2Y105
V7/53
2v2/5v21
2/V105
iV1/5v6
1/2V35
3/2V35
1/v35

odd

.W'

Wl

c|l® &« A & ¢ & € © A

-

<

-

€ X c €

/Y15
v2/5V3
1/5V6
/Y30
<¥3/Y10
1/10v3
1/V30
2/V15
/Y10

even

W|

Ty

2]

c

c © g X X ¢ c X X © c X

17373
-2v/2/3Y15

even
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>~

-

tou
AT

2/2V3
-1/2V15

1V5/673
-17/6V15
-12/3Y15

Wl

WI

A | c

A X S c

c ol e & <« ¢

-1/2V6
1/v15
1/2v6

-1/2Y30

-1/2V3
1/2V30

-1/v/15

even

W!

Wl

A € g | X <« € €

A

iv3/2v10
1/2V6
1/2V30
1/2Y15
1/2V6
1//15

odd

E“

El

T ST T T < < < [E T E < < < <lo o o

1/2
/2

odd

E"

U'

< >l mle =

A=

-1/2v5
-V3/2V5
-1/7/5
-1/v10

odd

Ell

Ul

T2

R ™I ™ Q Wl Q| ¢ & - %X |l c

Q

VoY

s

-2/2¥3
/2
-1/V6

even

E"

W|

T

Q

-/3/2v5
-1/v6
-2/2/15
-i/Y6

odd

Ell

WI

v2/V15

//15

1/2V3
-1/¥30
-1/2v3
-1//10

even

E"

QI R ™ R R W|lm ™

€ & A X £ €€ © | € o €

-1/V6

odd
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> > = <

-1/2V3
-1v2/V15
-1/273
-1/v30

E"

E".

Q

1/v2

odd

EII

Ell

T2

™ Rl ™A © A X

=

1/v3
//6

even
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. *
Table 3.4: The isoscalars for Grey SU(2) Grey K

The ordering system and layout follows exactly the same pattern
as with the actahedral group. Where the direct product is not
multiplicity free the extra entries following the isoscalar give the
combinations in order of the V coefficients inr the previous table.
This applies to the triads (VVV), (UVV), (W'U'V), (W'U' 1),

wW'w' T,), W'w' T,), (W'W'U) and (W' W' V).
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Tl

Tl

LA

-2



T1

Tl

T1

FA

=2



94T

Tl

T

-2
-2

~1

-1

-2

-2

-1

-1

-2



7A

-1 =1

-1



84T

Tl

N

-2

-1

-1

-2

-1

-2

-2



64T

Tl

T2

-2



T2

08T

-1

-1



T2

T2

18T



Te

T2

28T

-1

-1



T2

T2

T2



/84

Tl

(o]

o

=1

-1
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T1

T2

961



T2

U

8T

-1

-1



86T

u



68T

Tl

U

-1
-1

-1

-1



06T

U

-1

-1

41



6T

T2

U



261
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172 172
1172 1/2
11721172

11721172

S o o0 ©

ED

ED

o O O o

o O O o

N O o o

O O O O
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172 172
1172 1rs2
1172 1/2

11/21172

11/7211rs2
11/211/2

o U = O U o

ED

ED

O O O O O

Q O = O O

Tl

— -0 o o

-~ 0O O O O

O O O o o
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372 172

3/7211/2
3721172
972 1/2
9/211/2
9721172
9/211/2
1172 1/2
1172 1/2
11721172
11/7211/2
11721172

U= NG o U O N

ub

ED

O O O O O O O o O O =~ O

O - O - O O O O O o o

Tl

]
—

- O O O = O O O O o o

DO O O O O O O o o o o
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*
Table 3.5: The 63j Symbols for Grey K

The ordering system follow the same pattern as for the octahedral

group except that the numbers given are powers of /2, Y3, V5, V7 only.
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W CONEFFICIFMTS FOp THE ICNSAHEDRAL GoOlP

BU BU BV A v - =2 0 =1 0
HU BU BY A BY + =2 0 =1 0
BU BU Bv A BvV U - =2 0 -1 0
BU RU BV A RV By + =2 0 =1 0
KU BU BV T1 T1 V. - =3 1 =2 0
BU BU BV Tl T1 Ry - =3 1 =2 0
Ry BuU Bv Tl T1 T2 ~ =3 =1 0 0
H) HBU 8V Tl 71 u - 0

HU BU BV Tl Tl By 0

BU BU BY T1 v v + =4 =2 0 0
BU BU By Tl v Bv - -4 2 -2 0
KU BU BY T1 v T2 + =3 =2 =1 0
HU BU BY Tl v U + =1 =2 =1 0
3u By BV Tl Vv Ry - =1 =2 =1 0
RU BU Bv Tl BV vV =4 2 =2 0
BU HU BV Tl BV By + =4 2 =2 0
B RU BV Tl BY T2 + =3 =2 =1 0
HU RU By Tl RV ) + =1 -2 =1 0
KU HBU BV T1 Rv By - =1 =2 =1 0
BU BU BV T1 T2 WV + 2 =2 =2 0
HU KU BV Tl T2 BV + 2 =2 =2 0
B BU Bv Tl T2 U + =4 =4 2 0
BU RU BY Tl T2 HU - =4 =4 2 0
BU RU BY Tl uy v + =2 =2 =2 0
RU RO BY TL U Ry 4 =2 =2 =2 0
HU Ry Bv Tl L T2 - =4 =4 2 0

Hy BYy B8Bv TI1 1} t n
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FOUR: THE DIHEDRAL GROUPS D*n.

The z-axis is the n-fold axis and the y-axis is the two=fold

axis.



TABLE 4.1: THE ICR BASIS VECTORS FOR D*n WITH n EVEN
Component Expression J M
|A1a‘i> ]J0> even -
1 1
|A1a1> 7 |JM> + 72- IJ - M> even kn
1 1 \
]A1a1> 72— lJM> - 7‘2" |J - M> odd kn
lA2a2> 7 I 30> odd -
|A2a2> 7z |JM> vy |J - M> even kn
7 Z
|A2a2> 72 IJM> + Tz IJ - M> odd kn
1 1
|B1b1> 75 IJM> + /—2 |J - M> even (2k + 1)n/2
1 1
|B1by> 7 | v - 75 |7 - m odd (2k + 1)n/2
b 7 7
|B2 2> 72 IJM> - 7—2— IJ - M> even (2k + 1)n/2
7
| Boby> 75 | > + 77 |3 - w odd (2k + 1)n/2
|E 2> | 2> - 7 + kn
-1
IEZy> (-1)7 |3 - m> - 7 + kn
]E'Za> | > - 7 + kn
J-7
]E'Z3> (-1) J-M - Z + kn
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TABLE 4.2: THE WIGNER TENSOR FOR D*n WITH n EVEN

i m n value
Al al al 1
Ap as az 1
B b b 1
Bo by bs 1
EZ X y -1
y x -1
]
E 7 a B 1
B o -1




TABLE 4.3: V COEFFICIENTS FOR D*n

WITH n EVEN
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3 i, Js my m, mg 2 Parity
Al Al Al al al al 1 even
Ao Ao Ai as as ay 1 even
B B3 Ay by b; aj 1 even
B2 Bo Ai bo bo aj 1 even
B2 B3 A bo by as -1 odd
E, E, A1 k -k aj 1/v2 even
E, E, Ay k -k ap i/V2 odd
E E, Ek+Z k 7 -(k + 1) 1/v2 even
E, B /o-k Bj k n/2 - k by 1/v2 even
E, E 2k By k n/2 - k b, i/v2 even
E', B .9} k -k ay 1/V2 odd
E', E' Ay k -k as -1/V2 even
E'k E'Z Ek+Z k JA -k + 1) -1/v2 even
E', E', E_; k -1 -(k - 1) -1/V2 even
B'y B B k n/2-k b1 -1/v2 even
E'y E‘n/z_k By k n/2 - k by -i/V2 even




TABLE 4.4

Component
|aa;>

|aja;>
|a1a;>

|A1a2>

|Apay>
|2ya,>

|Ej2>
|Ev>
|sz>
|E7y>
|E" 70>
|E* 8>
lE'Za>
|E* ;8>
|E'a>
|E*8>

|E'a>

|E*8>

BASIS VECTORS FOR D*n WITH n ODD

Expression
| 30>

J
F Lo+ G 13w

-7
= o - SR 5o s

i[JO>
. J
-1
7z lae - S -
-1

-f; | + 4 75— |7 -

lJM>

(-7t g - m>

7| IM>

(-1)7 7% | J - m>

| >

077 -

| M

(-1) -t | -M>

f%-iJM> + (—1)J_n/2 'é

7 J-n/2

75 | + (-1 - | I -M>

= |ne - w L |5-n>
J-n/2

343

J M
even -
- 2kn
- (2k + L)n
odd -
- 2kn
- (2k + 1)n
- 7 + 2kn
- (Z + 2kn)

- 7+ (2k + 1)n

- 7 + (2k + 1)n

- 7 + 2kn

- L + 2kn

- 7+ (2kx + 1)n

- A

+

(2k + 1)n

4k + 1 n
2

_ 4 + 1
2

_ 4k +3
2

_ 4 +3
2



TABLE 4.5: THE WIGNER TENSOR FOR D*n WITH n ODD

i - m 0 value
A) ai al 1
Ay az as 1
EJZ, x y -1

y x -1
E' Z a B 1

B o -1
E' o B 1

B o -1




TABLE 4.6: V COEFFICIENTS FOR D*n WITH n ODD

i i, g m m, my v Parity

Al Al A} al al al 1 even

Ao Aop Ay as as al 1 even

E, E, A k -k aj 1/V2 even

E, E, Ay k -k as z/V2 odd

A -

E, E Eyy7 k (k + 1) 1/v2 even

E', E'y A k -k aj 1//2 odd

B, E', A, k -k ap -1/V2 even
1] 1 - -

E K E Z Ek+Z k ) (k + 7) 1/V2 even

E', By E_; k -1 -k -0 -1/v2 even

E' E' Ay o B aj 1/v/2 odd

E' E' A a B ay i/V2 even

E' B .98 o o ap -1/v2 even

E' E' Ay a o ar -1/V2 even
L] 1 - —_

E E " aEn/2+k n/2 k n/2 - k 1/v2 even
1 L} - - -—

E B'y DB n/2 k n/2 + k 1/v2 odd

J

5



TABLE 4.7:

-
I

BASIS VECTORS FOR D*3

1/2

3/2

|A1a1> = IOO>

illO>

i

220>

]

|E1x> lll>

|Eqy> = |1 - 1>

|Aaja;> = |20>
|aEj2> = 21>
|aEyy> = -|2 - 1>
|bE 2> = |2 - 2>
|bE,y> = [22>

|A1a1> =71§- |33> + 71-2- !3 - 3>

lansay> = 7] 30>

|bAsaz = f; |33> --;5 |3 - 3>

|aEj2> = |31>

laB1y> = |3 - 1>

|bEj2> = 2]3 - 2>
|bE1y> = |32>

IE'l/2a> = |1/2 1/2>
IE'1/28> = |1/2 - 172>
IE'1/2a> = |3/2 172>
IE'1/26> = -[3/2 - 1/2>

|E'oa> = 712— |3/2 3/2> + 77’5 |3/2 - 3/2>

B> = = |3/2 372> + 5%—]3/2 - 3/2>
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J=5
/2 IaE'l/2u> = |s/2 172>
IaE'l/25> = |5/2 - 172>
le'l/2a> = |5/2 - 572>
|bE'l/2u> = -|5/2 5/2>

|E'a> = 1
75 |5/3 372> + t
75 |s5/2 - 3/2>

|Bre> = -
7= 1572 3/2> - 1
73-15/2 - 3/2>



TABLE 4.8: V COEFFICIENTS FOR D*

31 J2 I3 mp My M3 v
Al Al A al ail ai 1
Ap Ay Ay az az al 1
E; E; Ay x y a 1/vV2
E; E; A, x y a, i/V2
Ey Ej E; x x X 1/2
E'1/2 E'l/2 A; o 8 aj 1/V2
E'l/2 E'l/2 A, o B ar -2 /V2
E'l/2 E'l/2 E!' a o y -1/v2
E' E' A @ B a -1/v2
E' E' 33, a B aj Z/V2
E' E' Ay o o as -1/v2
E' E' 3a, a o a -1/V2
E' E'l/2 Ep a o x -1/V2
E' E' E; o B y

-1/v2




TABLE 4.9:
J=0
J =1
J =2
J =3
J =4

BASIS VECTORS FOR D*u

|A1a1> = |OO>

|A2a2> = i|10>
|E1x> = |11>

|Ejy> = |1 - 1>
|Aay> = | 20>

1 1

2>
|Bobo> = 5 [225 - 5 |2 - 2
|Ejx> = |21>

|Ejy> = =|2 - 1>

[A,a,> = £[30>

|Biby> = 713 [32> - 712— [3 - 2>
|Byby> = ;—2 |32> + 7?2- |3 - 2>

|aEjx> = |31>
|aE,y> = -3 - 1>
|pEje> = |3 - 3>

IbE1y> = |33>

IaA1a1> !40>

|bAa;> 5%—|44> + %; |4 - 4>
|A,a,> = %5 |44> - ;5 |4 - 4>
|Byby> = /1—2 |42> + /—12- 14 - 2>

|Boby> = 75 [425 - ;’—2 |4 - 2

Ia@lm> = |41
B> = -4 - 1>
|bEj> = |4 - 3>
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1/2

3/2

5/2

le1y> = l43>

|E‘1/2a> = |1/2 1/2>
|E‘l/23> = |1/2 - 1/2>
IE'l/2a> = |3/2 1/2>
|E'l/25> = -|3/2 - 1/2>

|E', 0> = |3/2 3/2>
s8> = |3/2 - 3/2>
|E'. o> = |5/2 1/2>

B> = |5/2 - 1/2>

1/2
]aE'3/2a> = |5/2 3/2>
laE‘3/26> = -|5/2 - 3/2>

le'5/2a> = |5/2 - 5/2>
|vE'_ 8> = |5/2 5/2>

350



10:
TABLE 4.

3y
Al
Az
B1
B2
Bo
Ey
E;

E;

*
D™y
TS FOR
FFICTENTS
V COE
v

i,
A
,AZ
B
B
B1
Ey
E1

E,

I3

Al

Al

Ay

Al

;9

A

A

B

al

az

by

by

al

az

b;

m3

al

az

b

ba

az

al

a2z

a

az

<1

1/72
V2
1/v2
i/V2
1/v2
-2/v2
-1//2
-1/V2
-1/v2
-1/V2
-1v2

-1/v2
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TABLE 4.11:
J=20
J=1
J=2
J=3
J=5
J=1/2
J= 3/2

BASIS VECTORS FOR D*5

|a,a;> = |o0>
|A2a2> = 7:[10>
|E1x> = |11>

|Eyy> = |1 - 1>

.|A1a1> = |20>

‘Elx> = |21>
|Ey> = -2 - 1>
|Epx> = |22>

|E,y> = |2 - 2>

|A2a2> = i|30>
|E1x> = l3l>

|E1y> = |3 - 1>

|aEpa> = |32>
laEay> = -[3 - 2>
|pEsx> = |3 - 3>
[bE2y> = |33

|5anja1> = j%-|55>

1
+7§'|5—5>

|5anzaz> = 7= |55> - ﬁé-ls - 5>

IE'l/2a> = |1/2 1/2>
IE'1/28> = |1/2 - 1/2>
|E‘l/2a> = |3/2 1/2>
lE'1/23> = -|3/2 - 1/2>
|E* = [3/2 3/2>
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B
B>
|3/2
- 3/
2>

3/2

J
=5/
2
|
a> =
= |5/
2
1/2
>

1/
2
|=*
1/
28>
|5/2
-1/
2>

|E
|5/2 3/
2>

3
= -
3/28>
E' :
|E' o> )
= 7];- 5/2 3/
| 2
|5/2 5/ >
2>
+ 7
72
[5/2 -
5/
2>

|E 75 77
g> =
_ 7
V2
|5/2 5/
2>
+ 1
/2
|5/2 -
5/
2>



TABLE 4.12: V COEFFICIENTS FOR D
3y P i3 Sm mp M3 v
Al Al Ay ay a1 aj 1
A2 A Ay a az aj 1
El Ej Al x y aj l/‘/2
E1 Ei1 ).V} x y as /2
E; E; Ep x x v 1/v2
E2 Ep E; x x x 1/v2
E' g B,y Al o B a 1/v2
E' g Blin M a B ap -1/V2
E'vpp E'ypn B a a y -1/v2
E's;, E's A o B ay 1/v2
E'yp E'y,n B2 a B as -1/Y2
E'3/2 }3'3/2 3bEs a o x -1//2
E'1/2 E'3/2 Ey o o y -1/v2
E'y EBly,n B a B =z -1/V2
E' E' Ay a B ap -1/v2
E' E' 53, a B aj 1/V2
E' E' A, o o ap -1/v2
E' E' 53, o o as -1/V2
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3bE) o o x —1//2
3aEs o B v -1/v2
4E,4 o o x —l//2

1E; « B Y -1/v2
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FIVE: THE CYCLIC GROUPS c"n

The z-axis is the n-fold axis of symmetry.

Upon descent in symmetry each ICR of D*n is also an ICR of C*n
(time-reversal is similar to a Cy rotation) and so in one sense the
following tables are superfluous: the tables for D*n may be used.
However, not only does the removal of the C, operator give greater

freedom in the phases of the basis vectors but also increase the

multiplicity of A; in the triple product. For this reason we include

tables with the phases chosen so that all possible independent v

coefficients are given.



TABLE 5.1: THE ICR BASIS VECTORS FOR C*n WITH n EVEN

J even

J odd

J even

J odd

(J - m/2) even

(J - m/2) odd

(J - m/2) even

(J - m/2) odd

|laa> = |J0>  J even
laa> = 2|3 0> Jodd
|aa> = ﬁ%—];}kn> + 55 |3 - kn>
|aa> = 77'2— | 7 kn> + 77’2— |3 - kn>
[pa> = 77“2— | J kn> - 77“2— |J - kn>
|aa> =715 | 7 xn> - 715 | J - kn>
IEm/2x> = | Jm/2 + kn>
IEm/2x> =1|J m/2 + kn>
IEm/2y> =|J-m/2 - kn)>
IEm/2y> =Z|J - m/2 - kn)>
|Asa,> = 5%—|J n/2 + kn> + 53
|Aya,> = 7:2 |3 n/2 + kn> + /iz
|Aya,> = j%—l.]n/z + kn> - f%
1

|a,a,> = 7§-|‘]h/2 + kn>

The basis vectors for

pattern as ]E > and |E

x
m/2

&

y
m/2

m/2

IJ - n/2 - kn>
|J - n/2 - kn>

IJ - n/2 - kn>

1
- 75 IJ - n/2 - kn>

a> and |E'

m/

> respectively.

(J - n/2)
(J- n/2)
(J - n/2)
(J - n/2)

even

odd

even

odd

28> follow the same
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TABLE 5.2: THE WIGNER TENSOR FOR c*n WITH n EVEN

j j h value
A a a 1
Em/2 % y 1
y X 1
Ay as as 1
1]
E m/2 o B 1




TABLE 5.3: V COEFFICIENTS FOR C*n WITH n EVEN

I i, I3 M2 3 v

A A A a a 1

E, Ey oA -k a 1/72

E, E, 1A -k a 1/v2

Ek EZ E(k+Z) JA -k + 1) 1/2 if £J is even
B, E; E(k+Z) A -k + 1) -2/2 if IJ is odd
Ek E(n-k) naAjy n -k as 1/V/2

B By 0PA2 n -k ap /72

E'.  B'. OA -k a 1/V/2

BE'.  E'y, 1A -k a -i/V2

E'k E'y E(k.,.l) [/ -(k + 1) -1/2 if IJ is even
E‘k E'Z E(k+Z) A -k + 1) 1/2 if TJ is even
E', E' (n-x) DaB2 n -k ap -1/V/2

E', E' (n_x) TPA2 n -k ap -i/V/2
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J even

J odd

J even

J odd

even

odd

even

odd

even

odd

even

odd

TABLE 5.4: THE ICR BASIS VECTORS FOR C*n WITH n ODD
|Aa> = IJ 0> J even

|aa> = ¢|J0> Joaa

IAa> =-§3 |J 2nk> + 5%-|J - 2nk> J even
|aa> = 77’.5-|J2nk>+7—|.]-2nk> J odd
[Aa> ;% IJ 2nk> - 7-|J’- 2nk> J even
|aa> = 71—|J2nk>-7—|J-2nk> J odd
|aa> =7% |3 2k + 1)n> +7% |J - (2k + 1)n>
|aa> = -‘715 |3 2k + 1)n> +7— |7~ (2k + 1)n>
|aa> = j%—lj’(Zk + 1)n> - 5% |7~ 2k + 1)n>
|aa> = 7%— | 2k + I)n> -712— |7~ (2k + L)n>
|EM/2x> = |J W2 + 2nk> (3 - M/2)
|EM/2x> = 2|7 M/2 + 2nk> (J - M/2)
[EW2x> =7|J M/2 + (2k + 1)n> (J - M/2)
IEM/2x> = |g+M/2 4+ (2k + )n> (T - M/2)
IEM/2y> = |3 - M2 - 2nk> (J - My2)
IEM/2y> =1|J - M/2 - 2nk> (J - M/2)
lEM/2y> =1|J - M/2 - (2k + D> (J - W/2)
|EM/2y> = |3 -M2 - (2k + Dn> (T - W2)

The basis vectors for IE'

M72a> and IE

pattern as |Eby2x> and IEMy2y> respectively.

"Mz

B> follow the same
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TABLE 5.5: THE WIGNER TENSOR FOR c*n WITH n ODD

N . m . n value

A a a 1
Em/2 x y 1
Em/2 v x 1
E'm/2 a B 1
E'm/2 B a -1
E' a B8 1

E' B o -1
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TABLE 5.6: V COEFFICIENTS FOR c*n WITH n ODD
iy e i3 T2 M v
A A A a a 1
B, E OA -k a 1/V/2
E, B 1A -k a /72
Ek EZ E(k+Z) A - (k+1) 1/2 if 2J is even
B, E E(K+Z) 1 -(k+1) 1/2 if £J is odd
E'. E' oA %k a 1/v2
E', E', 1A -k a -2 /2
E'k E'Z E(k+Z) 1 —(k+l) -1/2 if EJ is even
E'. EY E(k+z) 7 -(k+1) % if £J is odd
E' E'k E(n/2+k) k -(n/2+k) -1/2 if iJ is even
E' E'k E(n/2+k) k ~(n/24k) %-if ZJ is odd
E' E' OA B a -/V2
E' BE' 1A B a -/V2
B’ E' naA a a l//é
E' E' nbA o a i/V2
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TABLE 5.7: ICR BASIS VECTORS FOR c*3

J=0 |aa> = |00>

J=1 |na> = ¢]|10>
|Eyz> = 11>
|B1y> = |1 - 1>

J=2 |aa> = |20>

|aByx> = 221>

laE;y> = 2|2 - 1>

|bE12> = |2 - 2>
|bEy> = [22>
J=3 |ana> = 7|30>
|baa> = ;%; |33> + ;%5 |3 - 3>

|caa> = ;%5 [33> - ;%5 |3 - 3>

agEjx>-= | 31>

1
laEry> = |3 - 1>
|pEj2z> = £[3 - 2>
|bE > = 32>

J=1/2 |E'1/2a> = |1/2 172>
IE'1/26>‘= |1/2 - 172>

J=3/2 lE'l/2a> = ¢|3/2 1/2>
[E'l/28> = £]3/2 - 1/2>
|E'a> = |3/2 3/2>
|E'8> = |3/2 - 3/2>



J =
= 5/2

|aE*
1/2%
IaE' = 15
1/2%” .
IbE' = ls :
- /2 -
IbEl B ils/ 1/2>
17287 N
= 17 5
i]5/2 .
5/2
>

|E'0t
> -
=1
|5/2 3/
2>

26>
=1
|s/2 -
3/2
>
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TABLE 5.8: V COEFFICIENTS FOR C 3

i iz i3 m; m, My v
A A A a a a 11
Ey E; oA x y a 1//2
E1 Ej 1A x y a /V2
Ey Ey 2bE) x x x 1/2
E 2aE] 2bE] x x x -1/2
E'l/2 E'l/2 A o 8 a 1/v2
E'l/2 E'l/2 Ey o o v -1/2
E'1/2 3/2E'l/2 Ey o o y /2
E'l/2 E'y ) 1A a B a -1/V2
E' E' A o B a -1/V2
E' E' 1A o B a -i/V2
E' E' 3ba o o a 1/v2

E' E' 30a a ) a Z/V2




TABLE 5.9 :
J=0
J=1
J=2
J=3
J=4

ICR BASIS VECTORS FOR C*,

| na>

|na>
|E 2>

|E1y>

|Aa> =

laoaz> = 5 |22> + 5 |2

loagas> = = |22> --}% |2

|E1x>
|E1v>

|pa> =

IaA2a2> = 77'2— |32> + 77:5 |3

[bAga,> = ﬁ%-|32> - ﬁé-la

|aE) 2>
|aE; y>
| bEy 20>
|bE1 y>

I aAa>

I bAa>

|cha> = §3~|44> - 5%—[4 - 4>

IaE1x>
|aE1y>
|bE1x>

IbE1y>

7

I

7= ae + 25 |4 - 0

00>

|10>
|11>

1 - 1>

20>

1]21>

il2 - 1>

30>

| 31>
[3 - 1>
|3 - 3>

| 33>

| 40>

1:|41>
7:|4 - 1>
)4 - 3>

1]43>

t

2>

2>

2>

2>
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J=1/2 |E'l/2oc> = |1/2 172>
IIE'1/23> = |1/2 - 172>
J=3/2 |E'l/28> = 4|3/2 172>
|E'l/2B = 2]3/2 - 1/2>
lE'3/2a> = |3/2 372>
lE'3/2B> = |3/2 - 372>
J=5/2 IE'1/2u> = |5/2 172>
IE'1/28> = |5/2 - 1/2>
laE'3/2a> = 2|5/2 372>
IaE'3/2B> = 1|5/2 - 372>
le'3/2a> = 2|5/2 - 5/2>
le'3/26> = i|5/2 5/2>
J=7/2 laE'l/2a> = 2|7/2 172>
|aE'1/28> = <|7/2 - 172>

le'1/2a> =i|7/2 - 772>

[bE'l B> = i|7/2 7/2>

/2
IaE'3/2a> = |7/2 3/2>
|aE'3/2B>-ﬂ|7/2 - 3/2>
le'3/2a> = |7/2 - 572>
le'3/23> = |7/2 5/2>



TABLE 5.10: V COEFFICIENTS FOR C*,

iy P 33 o my; My v
A A A a a a 1

Ay Ay A az as a 1

Ey 1] A x y a 1/v2
Ey Ej 12 x v a /Y2
Ej E; 2ahy r ap 1/v2
E; Ep 2ba, z an /V2
E'Y o E') o . a B a 1/v2
E') o E'l/2 12 o B a -1/V2
E'l/2 E'l/2 E; o o y -1/2
E'1/2 3/2E'1/2 E; o o y /2
E'3/2 E'3/2 A o B a 1//2
E's /0 'S/ 1A o B a -1/V2
E's/n E‘3/2 3bE; o o x -1/2
E'3/2 3/2E'3/2 3bE o o x. /2
E' o E's 2ahy a o a, -1/v2
Ell/2 E'3/2 2bAy a a as -1/ 2
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TABLE 5.11:
J=20
J=1
J =2
J =3
J=4

ICR BASIS VECTORS FOR

|aa> = |o0>
|pa> = 2|10>
|E12> =[]11>

|E1y> = |1 - 1>

|aa> = |20>
|E12> = ©]21>
|E1y> = 42 - 1>
|Eox> = [22>

|E2y> = |2 - 2>

|aa> = 7|30>

|Ej2> = |31>

IE1y> l3 - 1>

|aEya> = 732>

|aBoy> = 2]3 - 2>
|bEs2> = |3 - 3>
|bEoy> = |33>
|aa> = |40>
|bEj2> = 7]41>
|aE1y> = 7|4 - 1>
|bEj2> = |44>
|bE1y> = |4 - 4>
laE2x> = ]42>
|aEoy> = |4 - 2>
|bEyz> = 2|4 - 3>
|bE,y> = 443>

C

*

5
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J
= 1/2
J

= 3/2
J

= 5/2
J

= 7/2

e
1/2%”
EL -
- 21
= /2>
[, -
2> |
lE! = il .
- 3/2 1
|El ) i] N
3/2%” .
|E" - :
3/28> = /2 3/2> |
IE'l/ | [3/2 -
2% |
EX - ]
- /2 1/2
y =| | >
- 5/2 -
ER - -
- 5/2 3/
—1 . 2
i]|5/2 >
- 3/2
>

|’
o>
|2 p> >
: 5
|5/2 /2>
- 5/2
>

&
o>
=1
|7/2 1/
2>

1/2

e’
128
2]7/2
- 1/2
>

IaE‘
3/2%
- r=|
- 7/2 3
lel : l -
3/2%7 -
IbEl ) 1:|7/ 3/2>
3/2P 2
|E'a o -
|E > = |7/2 2>
i 7
. i|7/2 | /2>
2
|7/2 - >
5/2
>
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TABLE 5.12: V COEFFICIENTS FOR C*;g
jl I, 53 m;y mp, My v
A A A a a a 11
Ey Eyp A x y a 1/V2
E; E; 1A z y a 1/v2
Ey E; Eo x x y 1/2
E; 2E; E, x x y -1/2
E Ep 3aEjp x x x 1/2
E; 3E, 3aE, x x x -1/2
Eg Eg A x y a 1/v2
E2 Eg 1A x y a i/vﬁ
E') /2 E') o A a B a 1/v/2
E'l/2 E'l/2 1A a B a -2/V2
E'l/2 E'l/2 E; o a v -1/2
B') ) 3/2E' Ey a o Y 7/v2
E'l/2 E‘3/2 Ep a a y -1/2
E'l/2 5/2E'3/2 E, a a y 1/2
E'y E'3/2 A o B a 1/v2
E'3/0 E's /s 1A a B a -1/v2
E' 3/2 E' 3/2 3bEp a a x -1/2
E'3/2 5/2E'3/2 4bE, x -1/2
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